NEW YORK CITY INTERSCHOLASTIC MATHEMATICS LEAGUE
Senior A Division ContesrNuMBER 1

PARTI SPRING 2007 ConresT1 TimE: 10 MINUTES
SO7A1 P L2 D et , compute 7.
1 3 9 27
S07A2 Sotve forx: log, (;xc2 -—9) +log, (x)—log, (x+3)=2.
PARTIT SPRING 2007 ConresT 1 TraE: 18 MINUTES

S074A3 Compute the number of positive integers less than 2007 that are multiples of 2 or 7, but
not multiples of both 2 and 7.

S07A4 Oleg is biking from New York to Vermont. The probability that he will see a car within
the next fifleen minutes is -2—2 . Assime that the probability of seeing a car during any
time interval depends only on the length of the interval and does not depend on the

- starting and ending points of the interval. If g—is the probability that Oleg will see a car
within the next five minutes, compﬁte—:- .
PARTHT SPRING 2007 ContesrI ~ TmME: 160 MINUTES ~
SO7AS The graph of the function f{x}= 3x +13x+4 is reflected over the line y = x. Compute
the minimum distance between a point on y = f(x) and its reflection.
, . {x+ 2)3 .
S07A6 Compute the sum of all integral values of x such that oi7 is an integer.
. _ i
Answers:  S07Al 2676
80742 4
S07A3 1003
507A4 %
S07AS 0

SO7A6 -56



NEW YORK CITY INTERSCHOLASTIC MATHEMATICS LEAGUE

Senior A DiViSiOIl CONTEST NUMBER 1
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SPRING 2007 Solutions
F/] big n . . . . . g
2676. n——+———+.,.=2007 The sum of an infinite geometric seriesis §=——,
: 3 o 27 1—r
where @ = the first term = # and » = the common ratio= %1 S8 =-L1=3‘-?:200‘?.
. 2 1+=
3

Therefore n= 2676.

4 log (x* -9)+log {x)~log (x +3) = log ,[ {E; ;9); ] log ,((x- 3)):) 2 or

- x*—3x=4.x=-14 Rejectx = -1 because we cannot ‘take the log of a negative

number.

1003. To find the number of muRiples of a given numbei‘ # less than or equal to 2007,
find the greatest integer less than or equal to the guotient of 2007 and #.

2 I
[—20207 ] B [—20;)?] =286, [‘?27} =143. The multiples of 2 and 7 include

multiples of 14 (both 2 and 7). Since we want only multiples of 2 and 7 and not both, we
must subtract the multiples of 14 twice, 1003 + 286 — 143 — 143 = 1003.

-:3:-. Let the probability that Oleg sees a car in 5 minutes = p . Then the prdbability he

does not see a car in 5 minutes = | —p.  In fifleen minutes, the probability he doesn’t see

acaris {1- p)’. The probability that he sees a car in 15 minutes is
[ (1 P‘) :—*-?(1“ )=——>1 p—%-a-p=— (Note: p* is not the probability

of seeing a car in 15 minutes but ratfier the probability of seeing a car in each 5 minute
interval.)

0. Let d= the distance between (x,v) and (,x), then

d=f(x-¥f -3y = Jﬁ(y~x)£ = «\EJ(BxI +13x+4~x)3 = JEJ(sz +12x -:-41)I .

Since ‘3.1:2 +12x+4| has a minimum when it is 0 (it has real roots), 4 =0.

2 + o
x H0x +122%8 _ o x19-12 he factors of 125 are; 41,5, 425,125,
x+7 x+7
The sum of these factors is zero. Since x + 7 must equal each factor to divide 125 evenly,
the sum of all such x and 7 (eight times) = 0 therefore the sum of all x =-56 .

-56.




NEW YORK CITY INTERSCHOLASTIC MATHEMATICS LEAGUE
Senior A Division contest NumBER 2

PARTI SPRING 2007 CONTEST 2 TIME: 10 MINUTES

S07A7 A repular hexagon with side of length s has a perimeter that is numerically equal to its
area. Compute s.

S07A8 If @ and b are the complex roots of the quadratic equation x* +3kx +4 =0, where kisa
real number, compute the minimum value of &* -j-bz . '

ParTH . SPRING 2007 CONTEST 2 TIME: 10 MINUTES

S07AS A day is divided into 24 kowurs. Each kour has 60 minutes. Each minute has 60 seconds.
Using a new system of measurement, each day has 20 naps. Each nap has 40 winks.
Compute the number of seconds in each wink.

SO7A10 The sum of twice the arithmetic mean of x and y aﬁd the square of the geometric mean of
xand y is-4. Ifx and y are real numbers such that x* + y* =32, compute the maximum
value of xy.

PArTIIT SPRING 2007 CONTEST 2 TME: 10 MINUTES

SO7Al1 In baseball, a player earns a walk when the pitcher throws four balls before three sirikes,
but strikes out when the pitcher throws three sirikes before four balls. If every pitch is
either a ball or a strike and is equally likely to be either a ball or a strike, compute the
probability that the player walks.

S07A12 If AD isa median in triangle ABC, and (AC) +(AB) = —(BC) ccmpute%

ANSWERS:  S0TA7 4—;{—2
S07A8 =

9
50749 108
S07A10 2
S07A11 11

32

SO7A12 V2



New York City Interscholastic Mathematics League
Senior A Division cowresrNumser2
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SPRING 2007 Solutions
43 . 653 . . éﬁﬁ:és
4 3 :

—— . Area of the hexagon is and the perimeter is 65 ..

43

Solving for 5 vields 0, which we reject, or -

—é If g and b are the roots of x° +3x+k=0 , a+ b=-3kand ab=k Hence

’ 2z
(atd) =9k ~a* +6° +2ab =9k — & +H" =9K" -2k =[3k——;—] —é

The minimum value of @ +5* oceurs when

[Sk—-l—):{):.k L LS
3 9 81 ¢ ®

24hm:rs 60min tlsec ZOnaps 4011*:‘;1]{3

108.
1day 1hm;r Imm 1day Irap

Dividing both sides by 800, simplifies the equality to
3(6)(6)sec = lwink . 108sec =Twirk.

2. 2[l+b}+(@r=x+}’+v=—4 and % + 5" =32 So

e

T 24x 60 % 60sec = 20« 40winks

x+y=—(4+xy) (x+y) =(d+xp) yields x* + 32 + 2y =16+ 8y + 73"
Therefore 32=16+6xp+x*y*. Letd = xp,then A*+64-16=0.. 4=-8 or 2. Reject
A=-8and we getxy=2.

11

o After 6 pitches are thrown, the hatter rmust have walked or struck out. If we expand

(B+ S) , the exponents of 8 and S will tell us how many balls and strikes the batter has

and the numerical coefficient will tell the number of ways that outcome may occur. The
sixth row of Pascal’s triangle is 1, 6, 15, 20, 15, 6, and 1. The batter walks on the first
three possibilities and strikes out on the rest. 1+6+15=22 and 1+6+15+20+15+6+1 = 64.

Therefore the probability the batter walks is -z—i = -l—;
>

Because P(4B and 08) = 1/16, P(4B and 1Sy=4/32, and P(4B and 258)= 10/64, the
probability of walking is 1/16 + 4/32 +10/64 which is 11/32.

V2. From Stewart’s Theorem,

(e07 =H{uacy +3y){ B2 -3 3oy - B2 ~a(acy

: - 4D
- (4D)=+2(8C) orﬁ—ﬁ.



NEW YORK CITY INTERSCHOLASTIC MATHEMATICS LEAGUE
Senior A DIVlsmn CONTEST NUMBER 3 '

Parrt SPRING 2607 CoNTEST3 _ TiME: 10 MINUTES

SO7A13 If x*+2x+1=0, compuie:
(x+l)+[xz +—12-)+[.\'3 +L1J -i-[x‘1 +i4]+~-+[xm + l.mj .

x k o A X x

S07A14 (fog, 4-1)+(log, 6—1)+(log, 8—1)+--+{log, 2004 -1} +(log, 2006 —1) = lag, (£1).
Compute k.

Parr il SPRING 2007 CONTEST 3 TmE: 10 MINUTES

S07A15 Compute the mumber of positive integers », where r<2007, for which (#+I)1 +z! is
divisible by 2007.

S07A16 Compute the number of three-clement subsets of {1,2,3,...,29,30} such that the sum of
the three elements is divisible by 3.

ParT IIT SPRING 2007 CONTEST 3 TiME: 10 MI?UTES

S07A17 The base 10 fraction g- expressed in base 8 is 2. Compute % in base 10.

SO7AIS In right triangle ABC, the sides have integral lengths, The perimeter of the triangle is
numerically equal to its area. If 2 <& < ¢, compute the number of distinct ordered triples
(a, b, c‘) ’

Awnswers:  S07A13 -2

S07A14 1003
S07AI5 1786
S07A16 1360

S07A17
S07A18

Lt Y



New York City Interscholastic Mathematics League
Senior A Division conrtesrNomser3
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SPRING 2007 Solutions

© 2, x'+2x+1=0— x=—1 is the only sohution. Thus each odd place term is -2 and

each even place term gives 2. This pattern continues so the first 2006 terms cancel to 0
and the 2007% term is 2.

log,4-1=log, 4-log,2=log, 2

Iog,6-1=log, 6-log, 2=log,3

log,8~-1=log,8-log,2=Iog, 4, etc.

Now the left side of the equation is: :

log, 2+log, 3+log, 4+...+1og, 1003 = log, (2-3 -4-...-1003) =log, 10031 — £ =1003.

(note log,1=0.} N
1786. (n+1)l+r!=(n+Daln!=(n+2n! The prime factorization 0f 2007 is 3*x223.
Therefore 223<r<2007, orn+2=223 and n=221. Thusncanbe 1785+ 1 =1786
numbers.

1360. We can either choose three numbers with the same remainder mod 3 (three cases)

or three numbers with a different remainder (fourth case). Each of the first three cases can
be done in ,,C, =120 ways and the fourth in 10* =1000 ways. 3(120)+1000 =1360.

Or: (without mod)
Among our thirty numbers we have ten which leave a remainder of 0 on division by 3,
ten which leave a remainder of 1, and ten which leave a remainder of 2. Inorder to geta
final remainder of 0, we tmust choose either one from each group (10-10-10 =1000 ways) -
ot three from the same group (,,C, =120 ways per group, with three groups gives 360
ways). Thus the answer is 1000 + 360 = 1360.
. 1
=) 2223, = P T . )
7 § 8 ¥ et 7

L
8
2, Wearegiven P=a-+b+c=4 =E§—, We get 2¢=ab—2a-2b, ButWe also know that
o m from the Pythagorean theorem. Substituting for ¢ and squaring both sides
we get (MW ) —(ab—2a—28) . 40% + 45" = 4a* + 45" +0°W —da’b~Aab® +8ab
So a*b? ~4a’b-4ab’ +8ab =0 or ab{ab~4a—4b+8)=0. Since

az0and 8=0.. eb—4a-—-4b+8=10. Solving for a yields a = 4-!—;?—41‘]1&1’&&]1‘8 b=2,

3,5, 6,8, or 12. Since 0<a <b, only (5,12,13) and (6,8,10) work and there are 2
ordered triples.



NEW YORK CITY INTERSCHOLASTIC MATHEMATICS LEAGUE
Senior A Division conresrNumsER4

ParrI SPRING 2007 CONTEST 4 TIME: 10 MINUTES
. — 1 3077 —6 T
SO7A19 If x is a positive real number such that 3 X — Y, compute x.
S07A20 Concentric circles C,,C,, and C, have radii of 1, 2, and 4, respectively. One of the bases
~ of atrapezoid is a chord of C, and tangent to C, and the other base is a chord of C, and
tangent to C,, and the center of the circles is in the interior of the trapezoid. Compute
the area of the trapezoid.
Parrll SPRING 2007 CONIEST 4 TiE: 10 MINUTES
807A21 Given: log, x = log, y =log, 24, compute xy.
spags, $wo o oEH A B, € . B e B G
G GV U G- @D
D, compute A+B+C+D. '
PArRTIT SPRING 2007 CONTEST 4 YIME: 10 MINUTES
S07A23 Coripute all value(s) of x for which 15+15%% +15x* +...=16.
S07A24 ABCD is a square with side of iength 1. Equitateral triangle EFG is inseribed within
triangle BCD, with E the midpoint of BD and points ¥ and G on BC and CD
respectively. The area of triangle EFG is a+f:£ , where g and b are integers. Compute
a+b.
ANSWERS:  SOTA19 2
S07A20 93
S07A21 876
S07A22 -2
S07A23 :I:i

S07A24 -1



New York City Interscholastic Mathematics League

Senior A Di‘ViSiOIl CONTEST NUMBER 4
SPRING 2007 Solutions

SO7A19 82 357 —6-3x°=6. F¥=2s0x=42.

S07A20 94/3 . (see diagram) The height of the trapezoid is 3
and the bases can be found by forming right triangles as 5

- shown, giving bases of 243 and 43, and an area of
7
3 2343 _ 543 =h

2

S07A21 576. log, (x)=log,(y)=log,(24) =z therefore x=4",y=9",6"=24.
xy=36°=(6") =24 =576. |

S07A22 -2. Divide the numeralor by x — 1, the remainder ( 0 } is the numerator, D, of the {x—1)’
term and the quotient is 2x” ~3x—4. Divide the new quotient by x — I, the remainder
( -5 ) is the numerator, C, of the (x—l)2 term and the guotient is 2x—1. Divide this

quotient by x — 1, the remainder (1) is ﬁ]f: numerator, B, of the (x— 1) term and the

quotient is 2 ( is the numerator 4). Or:
Letx=2 WepetA+B+C+D=2-22-5.22-2+44=-2,

S07A23 ii. This is the sum of an infinite geometric series and we get:

15
—x

15+152° +15x +...= =186, therefore 15=16~16x", % —é— andx:i%.

S07A24 1.Let FG=x,and M be the midpoint of FG . Since FGC is an
isosceles right triangle, A4C = % . ME is the altitude of triangle FFG,

x+3

so ME= -2— But CE is balf the length of a diagonal of a unit " =

xxJ_ J_J‘

square, sog—CE =M +ME= 2 b

V3 . _A8-443 _ —3+°J_

area of AEFG is —Xx
4 4 4 4

—3+2=-1.

(Editors note: the proof that triangle GFC is isosceles is trivial, but is it unique? If F is rotated around £
by 60 degrees, we get an image line segment that intersects CD in only one place, as segments can have
at most one point of intersection. Since that intersection must be the position of G, G is unique and F is
unique.)



NEW YORK CITY INTERSCHOLASTIC MATHEMATICS LEAGUE
Senior A Division CONTEST NUMBER 5

PARTY SPRING 2007 CONTEST S Tme: 10 MINUTES
S07A25 If @ is an angle measured in degrees, compute the number of values of §,0° <9 <2007,
such that sin@ = %tanf? 2
aq+a,tara =4 q+ata,ta =8 ata tata=12,
S07A26 g, v, v+a,+a, =16, ....a,+a, +a,+a, =40,
a,+a, +a,+a,=H, a,+a,+aq+a,=48, and a, +a +a, +a;=52.
Compute a,.
PArT I SPRING 2087 CONTEST 5 TiME: 10 MINUTES
S07A27 In creating his new cereal, Tony mixes I scoop of sugar and 2 scoops of raisins for every
x scoops of bran. Sugar costs 5 cents per scoop, raisins cost 10 cents per scoop, and bran
costs 15 cents per scoop. The ngredients are then mixed completely and packaged in
boxes containing 20 scoops of the mixture. If'the ingredients cost $2.60 per box,
compute x.
S07A28 Compute the number of real values of x that satisfy the eqﬁation
lx’ —3|+x =[3x|
ParTIII SPRING 2007 CONTEST § Timte: 10 MINUTES
S07A29 Compute the number of terminating zeros in the decimal expansion of 2007!
£ 2 e .0
S07A30 LetS =log, (33]+ log, [99 J +log, (2717 }!— oot logg [(3" )3" )+ ... Compute S.
ANSWERS: S07A25 23
SO7A26 -1
807427 7
S07A28 4
SO7A29 500
S07A30 o
2



- NEW YORK CITY INTERSCHOLASTIC MATHEMATICS LEAGUE
Senior A Division coxrest NumBer 5

SO07A25

 S07A26

S07A27

S07A28

SPRING 2007 Solutions
23. sinf =lﬁm|9 = Sinf -.siné =0 or cos9=l. .
2 2cosf 2

-.5ing =0 for § =0,180,...,1980. There are 12 values.
cosfd= -E- when 8 = 60,420, 780,1140,1500,1860 or 300, 660,1020,1380,1740. There are
11 values, The total is 23.

-1. Addmg all the equations we get

4Zak—4+8+ A52= 4%:91 4~aZa,, =91.

k=1 k=1
13
&= Eat —(as +a,+a, -!-'a”)u{au +a,+a +a1)—«(a3 +a, +a;+a,)=91-32-48-12
&=l
e
7. Each baich of cereal contains x +3 scoops of cereal. The total cost is

W55 20 S5 = TSRS, ThS co P senn; €t 0 20 13 s il

x+3 20

4. There are four cases, x> —3>0and 3x>0, x* —3>0'and 3x <0,

x*—3<0and 3x>0, x*~3 <0 and 3x < 0. The first case yields the

equationx® -3+x=3x .. x=3 orx=-1,x= -1 is extraneous. The second case yields the equation
3 —3+x=-3x. x=-22+7, x=—2++/7 is extraneons. The third case yields the equation
—x?+3+x=3x..x=-30orx=1,x= -3 is exiraneous. The fourth case yields the equation

P +3+x=—3x - x=227, x=2+7 isextrancous. Thus thete are 4 real values of x that satisfy

_ the equation.

SO7A29

SO07A30

500. We pet a zero from every factor of 10. 'We have many factors of 2 to choose from,
50 we need only add factors of 5.

- 2
{2007}401, [2007]:30, _007}:16 [2007] sl
5 25 125 625

401 +80+16+3=500fabt0r50f5.

3 3 ¥ % o\ 1 4 9
L. §=log,37 +10g, 9" +log, 277 4 ---Tog, P g = —F— e —+....
2 b €3 = %) 39 27 3
§ 1 4 9 " iy %% a 1 3 5 2n-1
S——=—d—t—3rvm—t ot —t et = — b — e ——
3 3 ¢ 2; & 5379 27 3 9 27 3
i 25— f; ~
S—lg-—— S~£J=l+§+i+—- s 1 +— = i 171-...
3 3 3 379 27, .3
O 2 1 2/9 2 4
=t —t—t b —F ==t =—=—5—ps5=—
3 9



