NEW YORK CITY INTERSCHOLASTIC MATHEMATICS LEAGUE
Senior A Division cConTEsT NuMBER 1

PARTI FALL 2006 CONTEST 1 TiME: 10 MINUTES
FO6A1 Compute
(18) (1)1 8) (- 5) -3 +3) o B) 1+5) 1 45) (146,
FO6A2 A triangle has sides of length 10, 24, and 26. Compute the distance between the center of

its inscribed circle and the center of its circumscribed circle.

PARTIT FALL 2006 CONTEST 1 TIME: 10 MINUTES

F06A3 Mario, Luigi and Peach take turns driving. Each drives one-third the total distance of the
trip. If Mario drives 40 mph, Luigi 50 mph and Peach 60 mph, compute their average
speed for the entire trip in mph.

FO6A4 The sum of two numbers is 2. The sum of their cubes is 152. Compute the sum of their
squares.

ParrIll FALL 2006 CONTEST 1 TIME: 10 MINUTES

FO6AS5 An m — sided regular polygon has an #° interior angle. If the number of sides were
doubled, the interior angles would be 18° greater. Compute m + 1.

FO6A6 Compute the probability that a positive four-digit integer containing only the digits 1, 2,
3, or 4 (digits may be repeated) is divisible by 3.

ANSWERS:  FO6A1  -120
FO6A2 J65
FO6A3 1509 or 48—2-i

37 37

FO6A4 52
FO6AS 154
FO6A6 =

256



NEW YORK CITY INTERSCHOLASTIC MATHEMATICS LEAGUE
Senior A Division conresr Numeer 1

Fall 2006 Solutions
FOBAL -120. Multiply the conjugates (1- Jg)(1+\f€ ) =1=-6=-5 and s0 on. The product
simplifies to (-5}—4)}(—3}-2}-1)}=-120.
FO6A2 J65 . The triangle is a right triangle. Place the right angle at the origin, with one vertex at (24, 0) and the

other at {0, 10). The center of the circumscribed rectangle is the midpoint of the hypotenuse (12, 5). Use the fact that
tangents to 2 circle from a comumon exterior point are congruent to find the radius of the inscribed cizcle to be 4. Therefore

the center of the inscribed circle s a (4, 4). The distance fom (4, 4)to (12, 515 4/{12—4)° +(5—4)" =/65.
1800

FO6A3 7 Let & = the distance each travels then the total distance traveled is 3d. The time
that each drives may be calculated using dlsta:me =ime. Marie drives for %hours , Luigi drives
rate

ihaurs and Peach drives for ii—-hours . The total time traveled is ‘—i—+£—+i = E— = ﬁ ;
0 60 40 50 60 1200 o600

3d 1800 24 -
average rate = ——— =———mph or 48— mph
TR [ﬁ] 3 37 7P
600
FO6A4 52, Weare given x+y=2and x’* + 3’ =152. Cubing the first equation we get:

(x+p) =2+ +3¢y+39° =8. ~8=152+3xp(x+y) or-144=3(2).
Soxy =-24. Since (x+y) =¥’ +y*+2y > P =x 4y’ -4 > ¥+’ =52.

FOGAS 154. The exterior angle of an m — sided regular polygon has a measure = ST .
m

Thereforeiéo— =180"—n and E'—;}% =180° -(rH— lS“) . Subiract the two equations to get
i

%ﬁi: 18" — m=10". Substitute 7 =10 in the first equation and » =144 and m+n=154.
m

FOGASG 85/256 Let S be the sum of the digits.. Becanse 4 <8 <16 and § must be a multiple of 3, it
follows that §=6, 9,12 or 15. Letthe digitsbe g, 5, ¢, amd &, ThenwhenS=6, {a b, ¢, d3= {1,1,1,3}or{}, 1,2, 2}. In
the first case, there are 4 four-digit mumbers with those digits, and 6 such numbers in the second case, atotal of 10.
Similarly, when §=9, {a, b, ¢, d}={1,1,3,4} {1,2,2,4},{1,2, 3,3}, or {2,2,2, 3}; the nymber of four-digit nnmbers
are 12, 12, 12, and 4, respectively, atotal of 40. When §=12,{m b. ¢, 4} = {1, 3,4, 43, 42,2, 4,4}, {2,3,3,4, ot

£3, 3, 3, 3}; the number of four-digit mmbers are 12, 6, 12, and 1, respectively, atotal of 31. Fimally, when 8= 15,

{a. b, ¢, d} = {3, 4, 4, 4}, and the mumber of four-digit numbers is 4, Thns there are 10+ 40 + 31 + 4 = 85 numbers with the
requested property. Becanse there are 4 = 256 four-digit mumbers with the digits 1, 2, 3, or 4, the probability is 85/256.
OR: The problem is equivalent to finding the number of arrangements of 1, 2, 3, and 4 whose sum 15 a multiple of 3.

4
Consider the generating polymmia.l(x+ X +x + x“) . For each n, the coefficient of X" in its expansion is the number
of arrangements of 1, 2, 3, and 4 whose sum is . Now
4 2
(x+x?+2 +5*) =(37 +20° +3x* +42° +3x" +2% +x')
= +4x° +10x° +2057 +31x" +40%° + 44510 +40x" +3 17 + 206" +10x™ + 45" + %
so the desired mumber of amangements is the sum of the coefficients of the terms whose exponents are mulfiples of 3,

namely, 10 + 40 + 31 + 4= 85. Becanse there are 4-4 =256 four-digit numbers with the digits 1, 2, 3, or 4, the probability is
83/256. .
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NEW 'YORK CiTY INTERSCHOLASTIC MATHEMATICS LEAGUE
Senior A Division coxrest NUMBER 2

ParrI FALL 2006 CONTEST 2 TimE: 10 MINUTES

FOGAT 1£& and 5 are integers and (3% +2006)" (3" ~2006) =-3", where & is not
BT S, sompitie D,

2006

FO6AS If 443 — 1548 =a+8+/c, where a, b, and ¢ are integers, a is greater than 0 and ¢ is not
divisible by the square of any prime, compute a+b+c.

P4arTH FALL 2006 CONTEST 2 TIME: 10 MINUTES

FO6A9 Two fair six-sided dice are rolled over and over. Compute the probability that a seven
will appear before an eleven appears.

FO6A10 When the expression (x+2 y+3'z)g is expanded, the coefficient of the term x°y°2° isn.

n

Compute 5

ParTIIT FALL 2006 CONTEST 2 TIME: 10 MINUTES

FO6A11 On a game show, the leiters C, A, and R (10 of each) are randomly hidden behind the
numbers from 1 to 30 (one letter per number). Ifa contestant chooses three different
numbers, compute the probability that the letters chosen can be used to spelf the word
CAR. '

FO6A12 ABC is an equilateral triangle with side length of 15. Dis on BC such that BD = %BC.
E is on AB such that when we construct E, AE=ED. Compute CE.

AnsweRs:  FOGA7 5
FOGAS 4
FOGAS %
FO&6A10 1
FogAll S

203

FOeAl1Z 13



NEW YORK CITY INTERSCHOLASTIC MATHEMATICS LEAGUE
Senior A Division conrest NUMBER 2

Fall 2006 Solutions
FOGAT 5. Let a=3" and 5=2006. (a+b) —(a-b) =4ab.
4,599 2006= §-3* >k = 4-2006, (noto 8024 s not ivsible by 3). 2ot = pR s
FOGAS 4 J3_15y8 =/43-30J2 =a+bJc  Squaring both sides, we get

43-30v2 =& +bc+2abe ora* +he=43 andab=-15ande=2. Since g, b, and c are integers, a
=1,3,5,15. By trial and error, we finda = 5. nb="anda+b+c=4,

OR: Let «,f43a15«/§=ﬁ—\f;. Square both sides to get 43—15J§=x+y—2@. Let
x+y=43 and 2,xy =15v8 . Thenxy=450=18+25. Thus J43715/8 =25 - 18 =5-342.

a=5. rb=-3anda+btc=4 .

FO6AQ % The answer éan be obtained by looking at P(7 on the 1% roll) +

P(7 on the 2nd roll before an 11) + P(7 on the 3rd roll before an 11} + ... = P(7) + P(not 7, not 11}P(7) +
P(not 7, not 11)P(not 7, not 11)P(7) + ... = (1/6)+(7/9)(1/6) + (7/9)’ (1/6) +... =%.

OR: Consider the experiment consisting of rolling two dice and noting the total. The probability of
rolling a 7 is 1/6 and the probability of rolling an 11 is 1/18, so rolling a 7 is 3 times as likely as rolling
an 11. Now consider the experiment consisting of rolling two dice and noting only totals of 7 and 11,
ignoring all other totals. The sample space consists of only 7°s and 11°s, with 7 being 3 times as

probable as 11. Thus the probability of a 7 being the first roll noted is % .
FO6A10 1. To compute the coefficient for ¥°y°z*, we need to choose 3 x’s out of 9 letters then 3

; : , 3 3., 3 91 61 3
y’s out of 6 and then 32°s out of 3. 4G, ,Cs5Ca () (2¥) (32) =E!_3_!§!3—!ﬁ2333ff23
o1

H=——
313131
FOGAIL1 %. The first fetter could be C, A or R. The next letter must siot match the first.

PP =912 =1,
91

There are 20 good letters out of the remaining 29. The third must not match the first two. There are 10
201 10 50

ood letters out of 28 remaining letters, P{spelli t CAR)}=1l| — || =— {=——
g g letters, P(spelling out CAR) [29][23J 203
FO6A12 13. Let AE = ED=x—> BE =15-x. Use the law of cosines in triangle EBD  »
to get: ¥° =5 +(15—x) ~2-5(15-x)cos60" =175-25x +x* = 0=175-25x > x=7. :
Let CE = y and use the law of cosines in triangle AEC to get:
y2 =7 +157 —2-7-15.cos60" =169 > y =13. cEE

15



NEW YORK CITY INTERSCHOLASTIC MATHEMATICS LEAGUE
Senior A Division CoxTEsT NUMBER 3

Partl
FO6A13

FO6Al4

FarL 2006 CONTEST 3 TiME: 10 MINUTES

Point T (3,5) and point M (-5, 6) are opposite vertices of square TIME. Point [ has
coordinates ( &, ) and E (¢, d). Tand E are the cther two vertices of the square.
Computea + b+c+d

To determine his student’s grades, Mr, Escalante rolls two-ten-sided dice with the digits
from O to 9 on the sides. He uses the higher roll for the ten’s digit and the smaller roll as
the unit’s digit. Ifthe rolls are equal, he uses the roils as the ten’s and unit’s digit.
Compute the probability that the student scores at least a 65 on a single roll.

Parr Y

FOBALS

FO6Al6

FALL 2006 CONIEST 3 TrE: 10 MINUTES
| . )
Given that rz-% =kt, where n and % are positive integers. Compute the minimum value
of n .

7 a 8
< <
2007 a+& 2007

, compute the number of integral values for é
a

PArRTIIT

FO6A17

FO6A18

FALL 2006 CONTEST 3 . TiME: 10 MINUTES

Kevin has 2006 marbles (1003 red and 1003 blue). He divides the marbles among
two jars. One jar has only red marbles and each jar contains at least 6 marbles. He places
the marbles such that if a jar is chosen at random and a marble is selected from that jar,
the probability that the marble is red is a maximum. Compute the probability that a red
marble is chosen.
(n+9Y
+2

< is an integer. Compute the largest

There are exactly six infegers 7 such that

vatue of [n].

ANSWERS:

FOcAl3 9

FO6AL4 )

S0
FO6ALS 12
FocAle 36

ro6A17 22T
4000

TO6A18 315



NEW YORK CITY INTERSCHOLASTIC MATHEMATICS LEAGUE

Senior A Division conrest NumpER3
Fall 2006 Solutions

FO6A13 9, Both diagonals have the same midpoint. To find the midpoint, we take the average of

the two vertices. The midpoint of T4 =[3§3¥J —(~1,5.5) . Therefore

Eﬁs—l—mw:—z,%'—‘f:s,s —>b+d=11 Nowa+b+c+d=09

-

FO6A14 %-;- We can compute the probability a student gets at least a 65 by computing the

probability of scoring a 66 or less and subtracting the probability of scoring a 66 or 65. To score 66 or

less, both dice rolls must be 6 or less. P(both dice are 6 or less)= i‘%.ﬂl% = :.% and

P(scoring a 66 or 65)=i_35 . P(scoring at least a 65) = 1-i€: S

100 100 50°
lake i 30
FO6A15 12. ,,_&9_%@ =j) or ns10e9e8s7e6 = k| To minimize », we need to minimize £.
Factor the left side of the equ'ation, F1e5e 2036308020706 = k1 Or 216 T#605s44302193+2=F | Because there is an
extra factor of 2 and 3 after 7!, & must have an 8 and 2 9. So the left side of the equation is missing a
factorof 4 and 3. n=12.

FO6A16 36. The given inequalities imply that 2{‘}707 - i > o
a

s0 285> 2 > 250, Heace there are 36 integral values for .
a a

. Then 2864 > 1+-’1’-> 250%,
a

2997
FO6ALT 743%5 Since there most be at least & marbles in each jar, place only 6 red marbles in the first jar and the
rest in the other jar with the blue marbles. This will give the red marbles a 100% chance of being selected if the first jar is

997 \_ 2997

1
chosen. P(red);z(l)+%[——]— 2000 ote moving one red from jar #2 to jar #1 changes the probability for the

2000
worst, becanse it keeps the same the Pired in the first jar) but decreases the P(red in the second jar) i.e.
: 1(7Y, 1f 996 71999 4+ 7906 20965
Plred)=—| = }+= = =
Z\7) 231999 24741999 27986
OR: Let » be the number of red marbles in the second jar, Because this jar contains 1003 blue marbles, it has a tofal of 1003

+rmarbles. The probability p of choosing a red marble is given by p:%-l-l—-%-ﬁ——-
. S

, which is maximum when

1003 +r 1003 +r 1003
= is mipimum. Becanse =1+ , it follows that p is maximum when » s maxinmm, namely
r r r

when r=997,

FO6ALR 315,
. o}? 3 2
" ” . = 289
(n+9) _r*+18n+81 _n"+181-208+289 _(n—8)(n+26)+ g2 apmios
n+26 n+26 n+26 n+26 n+26
divides 289 evenly. The factors of 289 are +1,+17,4289. n+26=11,217,+28%9 The maximumn =

263 and the minimum 7= -315. The maximum [#|=315.




New York City Interscholastic Mathematics League
Senior A Division  ConresT NUMBER 4

PARTI FALL 2006 CONTEST 4 TrvE: 10 MINUTES
a& _ .
FO6A19 If (log, @)(log, &)(log,a)=25 and —=c, compute the sum of all possible values of £.
-
FO6A20 Two concentric congruent squares overlap to form a newl16-sided
polygon. All the sides of the new polygon are congruent. The ratio of
the area of the sixteen-sided polygon to the area of one of the squares
is represented as a+b2 . If a and b are integers, compute @ + 5. <7
ParT ol FALL 2006 CONTEST 4 TiME: 10 MINUTES
FO6A21 The natural number # is written in decimal notation. If the digit 2 is added to the
right, the resulting number is a multiple of 9. When this new number is divided by 9, the
guotient is 21 more than #, Compute ».
FOSA22  Compute (sin165 ~sin75') .
PArRTIT FALL 2006 CONTEST 4 TiE: 10 MINUTES
FO6A23 Compute the number of ordered pairs (x, ) of positive integers that satisfy
x* -y =2006.
FO6A24 In triangle ABC, AB = 20, BC=13 and AC'=21. Given cosd+cosB+eosC= g,,where
4
p and g are relatively prime. Computep + 4.
ANSWERS:  FO6A19 -4
FO5A20 2
FOsA21 187
FO6A22 L
16
FO6AZ3 0

FO6A24 158



NEW YORK CITY Iﬁmnscnomsnc MATHEMATICS LEAGUE
Senior A DiViSiOIl CONTEST NUMBER 4
Fall 2006 Solutions

FO6A19 -4. log; (a)log, (b)slog, (a)= g loph fogd [Ioga

2
J =25 therefore
logh loge loge \loge

2 2
[loga)=i5 From the second equation, a—2=ck —a =" sa=c?
c B

toge
loge | B sssp-moaw
loge 2

FO6AZ20 2. Without loss of generality, let the length of a side of the new polygon = I then the
length of a side of the square is (2+J§) - —— (2+~.5)2 =6+442
Aeriter = g + 4 iomgte = 5+4J§+4-%=s+4{2’

A B+2 6-442 16-842

= =4-22 sa+b=4+-2=2,
Apue  6+42 6-4J2 4

10n+2

Fo5A21 187. =x+2]1—>n=187

FO6AZ2 i% Because sin(90° —x) = cosx,cos(180° —x) =—cosx, and sin(24)=2sin 4 cos.4

(sin 165" —sin 7'5")1 =(sin15" —cos15’]’ 80 sin®15° +cos° 15" —25in15° cos15° =1—5in30° = 1-% =%.

4
Now the given expression equals [%J = % z
FO6A23 0. x*-y* =2006 or {x+y)(x—y)=2006. The factor pairs of 2006 are (1,2006),
(2,1003), (17,108), and (34,59). Let the larger number be 4 =x+y, and the smaller number be

b=x—y—>a+b=2x Thuswe must find a factor pair with an even sum, and there are no integral
solutions.

FO6A24 158, Drop altitude BH , let BH =x and CH =y then AH = 21- y. Using the Pythagorean
theorem twice, x+ y* =169 and x? +(21- »)* =400, Subtract the two equations and get
441-42y=231, y=5 andx=12.
sd=—= i, s =-—S——,

5 13
cos B = cos(«4BH + «CBH ) = cos{<ABH ) cos («CBH }-sin(«<ABH )sin («CBH) =
312 4.5 16

93
e e s = A+(:‘)‘3_B+ C=— +g=93+65=158.
513 513 65 e W= g P AT



NEW YORK CITY INTERSCHOLASTIC MATHEMATICS LEAGUE
Senior A Division cowrest Numszr 5

Parrl Fari 2006 CONTEST 5 TiME: 10 MINUTES

FOSAZS I fix)= -;% and f (g(x)) = i__?’;, then g(x) may be expressed in the form xaT'
Compute ad.

FO6AZ26 Compute the number of ways on the coordinate axes, one can travel from the point (2,2)

to the point (5,6) with the following stipulations: travel may only beina vertical or
horizontal direction, turns can only be made at points whose coordinates are both integers

(lattice points), and if (¢,d)is reached after (a,b),then c2aandd>5.

ParT H FALL 2006 CONTEST 5 TiME: 10 MINUTES

FO6A27 The product of three consecutive odd integers is fifteen times the sum of the same
integers, Compute all possible sums of the three consecutive odd integers.

FOBA28 Given: log[ ,1 J+log( ! )=2 and log(sinx+cnsx)=log[\jj£], wherep and ¢
L sinx cos X g

are relatively prime positive integers. Compute 2 + ¢.

PArrIIl FALL 2006 CONTEST 5 TIME: 10 MINUTES

FO6AZ9 Compute the sum of the terms of the infinite geometric sequence:

(1+J§),[—1),(—1+\E),(——3+2«.f§),.,.

FO6A30 In triangle ABC, 17a* +5* +9¢* = 2ab+24ac. Compute cos B.

AnswERS:  FO6A25 g
FO6A26 35
FOGA2? 121
FO6A28 101
FO6A29 2+2“E

FO6A30

Wl



NEW YORK CITY INTERSCHOLASTIC MATHEMATICS LEAGUE
Senior A Division conrest NovEER 5
Fall 2006 Solutions

FOSA25 8.
3
)=
x+h
OR: Lety=g(). Then ﬁ: Fl)=

_3x+3b _6-3x 3x-6

= = o3b=—f6anda+b=-6..b=-2 a=—4 Thusab=8§.
i x+a+h 6-x x-6

6—33:‘ So y+1_ 6—x
b—~x 3 6-3x

, 50 y+1=§_—x, and
2-x

—4
=y=—0Q0",elc.
gl¥)=y=——. =

FO6A26 35. To travel from (2, 2) to (5, 6), we must eventually travel 3 units to the right and 4

units up. Thus we must travel a total of 7 units. Thus we want combinations of RRRUUUU, which is
7!

—_—— . -

3.4

FO6AZT +21. Let the three consecutive odd integers be x — 2, x, and x + 2, then the sum is 3x.
The product becomes (x—2)(x)}(x+2)=15(3x)=45x. Multiplying out geis us,

x* —4x=45x or ¥ =49x.. Since x cannot be 0, we can divide by x. &* =49 — x =+7. Therefore the
sum is —21 or +21.

Faota T0%:. 3p [l} =-log(a)". 103(—.1 )+log( : ] =2
a sSiInx COSX

—log(sinx}—log(cos x} =2 or log(sin x)+log(cos ¥} = -2 then log(sinxcosx) =-2

So sinxcosx= lh{lﬁ log (sinx+cos x] = log[ \F] . Double both sides and use the properties of [ogs to
q
- obtain: _
log (sinx+cosx) = ldg[%),log(sinx+cos x) =log (sin1 x+c08" x+25inxc08 x) = log[l+2(%}] = lng(;—é] = [ug[-g-]
p+q=51+50=101 :

+ o
z zﬁ, The series is an infinite geometric series with 7= 1- V2. The sum of the

1442 1442 2442

. a
sequence is 1-r=1-(1—J§]_ % -3

FO6A30 % 174" + #* +9¢® = 2ab+24ac . By completing the squares we get

FO6A29

& —2ab+b* +164° —24ac+9¢* = 0 or (a-5)’ +(da—-3c)" =0. Theonly possfbie solutionis & = a

and ¢ = -}a. Without loss of generality, let #= 3. Then =3 and ¢ =4. Draw the altitude from C to

find that cos B =%.



