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SENIOR B DIVISION CONTEST NUMBER ONE SPRING 2006
PART E 10 minutes NYCIML Contest One Spring 2006

S06B01. A club will obtain a ratio of men to women of 3 to 1 if it gither increases
the number of men by 18 or decreases the number of women by y.

Compute the value of y.

S06B02. If xy+2x+ y =25, and x and y are both positive integers, compute all
ordered pairs (x,)).

PART IE: 10 minutes NYCIML Contest One | Spring 2006

S06B03. A right circular cone with height 10 is divided into a smaller right circular
cone and a frustum by a plane parallel to the base of the larger cone. I the
height of the smaller cone is 4, and if the volume of the smaller cone is
121, compute the radius of the larger cone.

S06B04. What is the remainder when 2** is divided by 177

PART IXE: 10 minutes NYCIML Contest One Spring 2006

S0sB05. Compute the area of the smallest circle passing through the ﬁo‘mts 2,7
and (8, -1)7 '

S06B0G. A “Helen” sequence is defined as follows: The first two terms, &, and

H, are positive integers a and b respectively such that o <2. Each term
thereafter is generated by taking the sum of the previous two terms. For
instance, if H, =3 and H, =7, then H,=3+7=10, H,=7+10=17,
H,=10+17=27, etc. In this example, a=3 and =7,

If the sum of the first ten terms of a Helen sequence is 462, compute the
ordered pair (a, b).

PUPINSEE

ANSWERS _ :
1. 6 3. 15/2 5. 25x
2. (8, pand (2, 7) 4. 15 6. @9
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SENIOR B DIVISION CONTEST NUMBER TWO SPRING 2006

PART I: 10 minutes NYCIML Contest Two Spriug 2006

S06B07. If the three points (3, k), (k, 7) and (2%, & - 5) are all collinear, compute all
possible real values of k. .

S06B08, If 10 is a factor of (53J! , compute the largest possible integer value for &. -

PART II: 10 minutes ' NYCIML Contest Two Spring 2006

S06B09. Simplify the following expression into one containing no trigonometric
sin(15°)+cos(15°)
sin{75°)+ cos(75°)

funciions and in simplest form.

.

S06B10. In the following diagram, two quarter circles are inscribed in a squars ABCD
' with side length 4, The area of the region BCE bounded by the quarter circles
and side BC is given by p-—qﬁ—m‘. If p, ¢ and r are rational numbers, -
compute {p, ¢, 7).

PART IOI: 19 minutes NYCIML Contest Two Spring 2006

S06B11. The base-nine number 325, is equal to the base-» number 222, where b
is a positive integer. Compute the value of 5. '

S06BI2. A parallelogram has side lengths of 4 and 6. If the length of the longer
diagonal is 8, compute the length of the shorter diagonal?

ANSWERS
7. k=9,2 10. (16,4, 83)
8. 31 1. 11

9 1 120 2410
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SENIOR B DIVISION CONTEST NUMBER THREE SPRING 2006

PART I: 10 minutes - RYCIML Contest Three Spring 2006
S06B13. - Helen works at twice the rate of Jim, Sigmund works at twice the rate of Helen.

If working together Helen, Jim and Sigrmund can do a job in 1 hour, compute the
number of hours it would take Jim to do the job if he worked alone? ‘

S06B14. Given the system of equations:
x+2y=5

2x+z=8%
y+2z=2
Compute the ordered triple {x, y, ).

£

PART 1I: 10 minutes NYCIML Contest Three Spring 2006

S06B15. [ roll three fair 6-sided dice. Compute the probability that the sum of the
thres numbers is 15.

S06B16. A toot of the polynomial x* —5x” +cx—45 is of the form A where i = =1
If ¢ and # are both positive real numbers, Compute k. '

PART III: 10 minutes NYCIML Contest Three Spring 2006

S06B17. A parallelogram has three vertices whose coordinates are (-3,3),({0,0),
and (3, 2). Compute all possible coordinates for the fourth vertex.

S05B18. Compute the number of ways to arrange the numbers 1, 2,3,4,and 5 ina line
such that no two even mumbers are next to one another?

ANSWERS B

. S : -
3. 7 15, — 17, (0,5),{-6,1),(6,-1
3 = (©,5,66,1.66,-1)

14. (1143, 2/3,2/13) 16. 3 18, . 72
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SENIOR B DIVISION CONTEST NUMBER FOUR SPRING 2006

PART I: 10 minutes NYCIML Contest Four Spring 2006
S06B19. A clock runs 20 minutes slower every hour. It does not distinguish between AM

and PM when telling the time. If the elock is set to the correct time at 12:00 one
day, compute how many hours will it take until the clock reads the correct time

again?

S06820. Compute how many angles x, measured in radians, satisfy sin{x}=0 and
0 <x <20067 .

PART II: 10 minutes NYCIML Contest Four Spring 2006

S06B2ZL.  Let x*+ax® +bx® +cx+d bea polynomial with infeger coefFicients that has

J3+1 asa root. Compute (a,b,c,d).

S06B22.  Let points A and B be points on a circle of radius 5 such that 4B =3. If point C
is another point on the circle, then the area of the largest A4BC that canbe
a+bJE
4
integers, and c is as small as possible, Compute (@, b, ©).

inscribed in the circle will be of the form

where a, b, and ¢ are positive

PART 111: 10 minutes NYCIML Contest Four Spring 2006

S06B23, I (1og2 Qch-gs 4X10g3 25) = x , and x is an integer, compute the value of x.

S06B24. In the foﬂo“dng diagram, scgment AD is tangent to circle P and circle O at

points B and D respectively. Moreover, CE is tangent to both circles at point M.
If 7 is the tadius of circle P, and R is the radius of circle O, and if R : r=5:3,

: computeﬂlemﬁnofj_if to AB.

ANSWERS
19. 36 21 (0,-2,0,-2) 23. 8
20, 639 2 (30,3,91) 24. W3orl3
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SENIOR B DIVISION CONTEST NUMBER FIVE SPRING 2006
PART I: 10 minutes NYCIML Contest Five: ' Spring 2006

S{NSBZS An interior angle of a regular polygon is 170°. Compute the nurnber of sides of
the polygon.

S06B26. Let A ,4,,4;,4,,A;be the first five terms of an arithmetic progression with a

common difference that is not zero.
Let G,,G,,G; be the first three terms of a geometric progression with common

ratio m where m # 1.
If 4 =G, #0, 4, =G;,and 4; =, , compute the value of m.

PART II: 10 minutes NYCIML Contest Five ' Spring 2006

506827, («EX%EI‘«.E)= @ and  and b are relatively prime positive integers.
Compute the ordered pair (4, 5).

S06B28. In AABC,AB=10,BC=8,and AC=6. If a semicircle is inscribed inside the
triangle with the semicircle tangent to sides AC and BC, compute the radius of
the semicircle. :

<
A B
PART II; 10 minutes NYCIML Contest Five Spring 2006
S06B29. - Express the value of the follbwing series as a rational mumber in simplest form.

1 2 3 1 2 3 1 2 3
FOETEty s s s

S06B30. . Two points 4 and B lie on the circumference of a circle such that the central
angle created by 4 and B is 70°. Point C is to be randomly placed on the
circumference of the circle creating A4BC. Compute the probability that

AABC is acute?
ANSWERS
25, 36 7. (12, 13) 29, 9/62

26, 3 28. 2477 0. 36
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SENIOR B DIVISION CONTEST NUMBERONE  SOLUTIONS Spring 2086

SOLUTIONS

50681 If we let the original number of men o women be % , then we obtain X418 = —31: and
X ' 3¥=X+138

3
—— ==, From these we can rate two equations: . Solving these
Y-y gene o Y _3y=X B
yields y=6. Note, X will turr out to have to'be a multiple of 3 for ¥ to be an integer.

S06B2 IfweaddZtobothsidcsuftheeqmﬁnn,thcnwcohtain.x;v+2x+y+2=2‘7.
This factors into (x +1}(y +2)=27. Because x and y are both positive, the only possibilities are
x+1=9 x+1=3
. Thns, we get (8, I} and (2, 7).
y+2=3 r+2=9

' i 1 .
506B3 Using the volume of a cone, :mﬂh=§m’2(4)=12x,weﬁndthalr= 3. Now we can use
e}

L@_—Eﬁﬂ
similar triangles to fin jus o Ry  Hi
o find the radius of the larger cone.
4 15
e R
R 10 2

10

S06B4 'We want to find a low power of 2 that has a “nice” remainder when divided by 17. We note that
2% Jeaves a remainder of 16 (or -1), thus 2° = 256 leaves a remainder of 1 whea divided by 17 (256 =

17#15 +1). Becanse 2% = (27, 22" leaves a remainder of 1 when divided by 17. ‘The remainder
that 2°° leaves is therefore the same as the remainder 25 =32 1caves. Thus, the answer is 15.

SO06BS In order fo minimize the area, we need to minimize the radius. We can acoomplish this if the two
points on (he circle are the endpoints of a diameter. Therefore,

2r=f(8-2) +(-1-7) =/36+64 =10. Area=25n |

S06B6  If we write out the first 10 “Helen” ymmbers in terms of 2 and &, we get: 4, &,

a+b, a+2b, 2a+3b,3a+35b, Sa+ 8b, Ba + 135, 13a + 21k, and 21a + 345, Note that all of these
coefficients are Fibonacci numbers. If we take the sum of these, we get ;
550 + 886 = 11(5a2 + 8h) = 462, Thercfore, 5a+ 85 =42, Because @ and & are both integers and
0<a<b,lhconlypossfbiljtyisa=2andb=4.




SENIOR B DIVISION - CONTEST NUMBER TWO SOLUTIONS Spring 2006 -

If the points are collinear, then the stopes between them must be equal. Therefors,

S06B7
E—-5)— -k NPT - . . :
-(2;;_ k;)= Ek))* 3%. Aﬁs;mmphfymgand cz'oss-mulnplymg,-wecbt;.lmthcfnllomg-quadmnc

k?-12k-3k+36 =Tk-%"
equationiink: 2%% -~ 22k +36 =0

2(k —9)k-2)=0

k=92 . _
S06B8 We uced to determine how masy factors of 5 there are in (5 )1 There will enough factors of 2 to
make “107s. There are 5° = 25 multiples of 5 in the list of integers 1,2,3,---,5° . However, there are 5

muttiples of 25, each of which supplies an additional factor of 5. Finally, there is one multiple of 125 which
supplies still another factor of 5. Thus there are 25 + 5 + 1 = 31 factors of 10.

SO06B9 We counld express the expression as follows and simplify using the addition formulas and
the fact that sin(45°) = cos(45°): _
sin {15°}+ cos {15°) _ sin (45° - 30°)+ cos {45° -30°)
sm{75°)+cos (75°) sin(45° +30°)+cos (45° +30°)
 sin (45°)cos (30°)— cos (45 )sin (30°)+ cos {45 )cos (30°)+ sin (45 °)sin (30°) _
= S (357 Joos (30° )+ cos (45°)sin (30°)+ cos (45°)cos (30°)— sin (45°)sin (30°) °

_ cos (30°)- sin {30°)+ cos (30°)+ st (3o°) "r?% + "(:% sl
c0s (30° )+ sin (30° )+ cos (30°)— sin (30°) JEAJr JEA
However, we can arrive at the solution more quickly if we note that sin {15°)} = cos (75 °) and that
f:os(15°)= sin (75°]. '

S06B10 Constructing segments AE and DE creates equilateral A4DE having atea .g(d,z):q.ﬁ_

Mareover, ZBAE = ZCDE =30°. Thercfore, wedge ABE and wedge CDE both have area

Tl-z-x(42)=.4_;-. Therefore the area of region BEC is 16—4J§_§3£,

B c
3 180-m
i
4 ’
4
A 4 D 8

S06B11 If we convert both mumbers to their base 10 representation, then we obtain
325, = 3(97 }+ 2(9)+ (5)= 266 =267 + 2b+2 = 222, . Solving this quadratic for the posittve
value of b vields b = 11, '

S06B12 Because comsecutive angles of a parallelogram are supplementary (here m and 180°-m), the
cosines of these angles are negatives of each other. By the law of cosines, we get:

d? = 4%+ 6 — 2(4)(6)cos( m)
82 = 47 + 6' - 2(4)(6)cos( 180 —m) = 47 4+ 6% + 2(4)(6) cos({ m)
Therefore, d® +8° =4" +6 +47 +6°. Sotving for d, d = 24/10 .
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'SENIOR B DIVISION CONTEST NUMBER THREE ~ SOLUTIONS  Spring 2006

SO06B13 Let » be Jint's rate, 2+ be Helen’s rate, and 4 be Sigmund’s rate. Working together, their rate is
7r. Therefore, # = % Waorking alone, it takes Jim 7 hours.

S06B14 Adding the equations, we obtain 3x+3y+3z=15or X+ y+z=>5. Wecan substitute the
oﬂginalexpressiunsintoﬂle]auerm:pressionandobmin(5—2y)+y+(1—.5y)=5. Sclving this
equation, we get y = 2'3 . Using the first equation, xsl%. Finally, =z =A.

S06B15 There are 6° possible outcomes for rolling 3 dice. Outcomes that sum to 15 are 6-6-3
[3-{:3“ ],6-5-4 (= 6waps ),:mdS-S-S(lway). Therefore, there are a total of 10 ways to geta
T
summ of 15. The probabilityis 10 _ 5_
216 108

-

5061316BecausealloflheooeﬁicianlsufthepolynumialarereaLthmzuycomplcxrootnmstcomein
conjugate pairs. Thas, two of the three roots of the polynomial are +ki and k3. From the x° coefficient
and the X7 coefficient, we know the sum of the roots mustbe 5. +&i and —&i sum to 0, making the third

g‘-k’f =9

root 5. Finally, the product of the three roots must equal 45, Thug &* =9
E=13
k=3

Se6B17 From the diagram above, we see that three parallelograms can be made with point D at (@, 5),
(+6, 1), or (6, -1). We need only make sure the slopes are equal to the opposite sides.

S06B18 First we must determine how many ways there are to armange two evens and three odds without the
two evens being next to each other, There are a total of 6 ways (EOEQQ, EOOEO, EODCE, OECEOQ,
OEOQQE, and COEQE). Another way to get this is to start with the idea that we must have EOE and that
weneeduaplaoetwomoreoddsimoiiavaﬂableplawi——beforethsﬁrstE,bem'eenthctwnE's,andaﬂer
the Iast E, This can be thonght of as amranging EEQO. Thereare _4!__ ¢ ways to do this.

2
Oncewehavethis,wcuecdmdetemﬂnehowmanyanangaammercarefnranyparﬁcularamngemmt
of E's and O’s. There are 2131 = 12 ways for each. Therefore, there are (12){6) = 72 armangements.
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SOﬁBlBOneeﬁecﬁvewaytosnlvetthmblemistomakeachartoftheclock’sﬁmeamdtheactualﬁm&
Foretrerythreeacwalhmnsthatguby,oulytwoclockhnursgoby. If we remember to cycle around to 0
once you get to 12 urs,wcwiﬂﬁndﬂmttheach:alandduckﬁmcni]lbeaﬂ!(orﬂ)aﬂer%hom. '
Given that the actual time and clock time each cycle through 12 hours, congruences can
be used to solve the problem. ¥ is the actuzl momber of bours that pass, then the clock will go (2/3)x.

Thus we get the congruencs x = %x(mod 12) ‘This simplifies to %-xs ﬂ(mod 12). Thus, x =0 (the
start time) works. The next vatue of x that works is 36. ' '
S506B20 . sin (x) = 0 for all x = rx where n is an integer. Thus, we need the largest integer
1 such that e <2006, Approximating 7t to 3.1416 yields # < 638. Because » can also equal §,

we obtain a total of 639 values. Notg, if we approximate & to 3, we ohtain a value of # that is
much too high.

S06B21 If .3 +1 isaroct, then (x—1}J§+1|i§a&ctor.Weallow:

x—~43+1=0
x=~3+1
=3 +1
(x’-i-l)=«f§-

x*-2x* +1=3 > (a,b,¢,d) = (0,-2,0,~2)

S06B22 If we let AB be the base of the triangle, we need to maximize the height to this
base in order to maximize the area of the triangle. An isosceles triangle will do this.

:

£y: " Nl : 30 3481
To find the valve of y. , _ {(5) _2327}_’ - Thearm'lstherefqre T

S06B23 Using the change of base rule, we can rewrite the expression as
tog 9 ) log 4 Y log 25 ) _(2log3 [Zlog 2)2log5) _ @)2)2)=3
log2 Alog 5\ log3 log2 ) log5 h log3 )

S06B24 The key to the problem is to realize that BC = Ch =CD by virtue of the fact that they
aretangmlsegmeﬂstothetwociml&sandthaipoimMisﬁwpointoftangeacyofbmhci:clas. Howwe
can use the fact that APBA and AQDA are similar right triangles and create the proportion:

& 4D _AB+BE+TD _AB+2.BC _
-

.BC BC 1
= ] — —_ 1+2‘BC=5_Thns, =

a5 AB 4B a5 3 4B 3
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SENIOR B DIVISION CONTEST NUMBERFIVE SOLUTIONS Spring 2006

S04B25  An imerior angle of a polygon is given by (7~ 2X180) . Setting this equal to 170 and solving
n

for # yields » = 36. '

' S04B26  We can express the first five terms of the arithmetic progression as: /, f+ @, f+ 2a, f+ 3a, and

f+4a. Likewise, the first three terms of the geometric progression f; fin, and Jm® . Equating the second

terms of each progression yields a=f(m-l]. Setting f +4a = fm’ , we can obtain

4,;,:_;'(,,;2 _1)= f(m_—l)(m +1) . Finally, dividing yields 4 =m + 1, orm =3,

seeB27 (y7 V2 JW/7 )= [2}4)[2}{)(2 %J _ N _ oY% Lufpn
S04B28 Let D be the center of the semi circle. If we draw radii to the tangent sides and scgment CIJ, we
seelhattheareaoftheu'iangleis.12._(5)(,)4.%{3)(,):7,. Because the triangle is 4 right triangle, its

24 -

areais | = .
Z(GXS} M. nr=

Se4B29 " One way to compute the vahue of the series is to find the sum of the first theee terms:
; 522 +‘—53-3—=£:;0—+3=-;§.Wemnnuwrewritetheseﬁesasasinglegeomctricseﬂ&sas

18 .
18 _ 9 . Another method has us treating the

18 18 18 18 _9 |
3 3 3 T 1T a2

MDA A

original series as the sum of three geometric series (one with munerator 1, one with numerator 2, and one
with numerator 3). g : - ]

follows:

SO4B30  Consider diameters BQ and AP, Tf point C were at either 0 of P, then A4BC swould be a right
triangle. Morsover, if point C lies on either arc B4Q or arc ABP, then the triangle would be obtuss. Thus,

the anly place C can go is on the 707 arc OP, The probability that AMABC isacuteis 0° _ 7
360 3
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