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SENIOR B DIVISION CONTEST NUMBER ONE FALL 2005

PART E 10 minutes NYCIML Contest One Fall 2005

FO5B01 Compute the distance from the center of a circle of radius 3 inches to a chord of
length 5 inches.

FOSB02 The line ¥ =mx+m intersects the graph of y =x*at x=m+2.
Compute the value of n1.

PART II: 10 minutes NYCIML Contest One Fall 2005

FOSEO03 Clio travels to and from work along the same route. She drove at a constant rate
of 40 mph going to work and 50 mph coming home, What was her average rate
for the eatire round trip?

FO5B04 In trapezoid ABCD, AB is parallel to CD, AB=7, and CD=15. Segment

HM is drawn parallel to AB with point H lying on AD and point M lying on
BC. If AH - HD =3:2, compute the length of HM.

PART IHI; 10 minutes NYCIML Contest One Fall 2005

FOSBOS In the decimal expansion of the rational number %, what is the 2005™ digit
after the decimal point?

F05B06 If x, y, and z are positive integers, compute the number of solutions

(x, y, z) that solve the equation ¥+ y+z=2L

ANSWERS
1 ‘JI_IA 4 39 or 11—
2. -4 5. 4
4
400 ol
3 A o 447 6. 190
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SENIOR B DIVISION CONTEST NUMBER TWO FALL 2005
PART I: 10 minutes NYCIML Contest Two Fall 2005
FO5B07 A bag contains only red and gold marbles. The probability of selecting a red

marble is _52-. If 20 red marbles are added to the bag, the probability of sclecting

a red marble is now % Compute the number of gold marbles in the bag.

FO5B08 What is the total mumber of positive integral factors of (60)° 7
PART II: 10 minuies NYCIML Contest Two Fall 2005
FO5B09 If | x | represents the greatest integer less than or equal to x, and if

]rleJ:—-!?'E, compute the value of x.

FO5B10 If x and y are positive integers, find all (x, y) that solve x* — y* =275.
PART III: 10 minutes NYCIML Contest Two Fall 2005
F05B11 I.etpandqbethcrootsof3x‘-10x+4=0. Compmeﬂlevalueofl-!-—!-.
P g
FOSB12 Two circles whose centers are 10 cm apari have a common external tangent

segment of length 8 cm and a common internal tangent segment of length V34
Compute the value of the product of the two radii.

ANSWERS
7. 30 10, (138, 137), (30, 25), and (18, 7)
1
8. 396 1. 5 2~
A or >

5/ o 12 15 1
9, 4 or -1 12. Am’?z
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SENIOR B DIVISION CONTEST NUMBER THREE FALL 2005
PART I: 10 minutes NYCIML Contest Three Fall 2005

FO5SB13 Triangle ABC is isosceles with AB=8 and BC=2. Find the area of the triangle.

F05B14 Compute the area of the region enclosed by the intersection of the graphs of
y<—|x+1]+4 and y2[x+1].

PART IE 10 minutes NYCIML Contest Three Fall 2005
FO5SB1S What is the sum of the coefficients in the expansion of (3—4x)’?
3 . 3

FOSB16 Compute the value of cos{Arc cos§+Arcsm§).

PART IIT: 10 minotes NYCIML Contest Three Fall 2005

F05B17 If tog(x +1)+log(x+2) =log(2x+22), solve for x.

FOSB18 A regular hexagon is inscribed inside of a cirele. The circle is inscribed inside a
lasger regular hexagon. Compute the ratio of the area of the larger hexagon to
the area of the smaller hexagon.

ANSWERS

13, 347 16. 0

14. 8 17. 4

15. -1 - | 8. 4
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SENIORBDIVISION  CONTEST NUMBER FOUR FALL 2005
PART I: 10 minuies NYCIML Contest Four Fall 2005

F05B19 If x-1, 2¢+3, and 5x-1 are the first three terms of an arithmetic progression,
compute the value of x.

F05B20 Find the smallest integer greater than 1 that leaves a remainder of 1 when
divided by 3,4, 5,6,7, and 8.

PART II: 10 minutes HYC]l\IL Contest Four Fall 2005
F05B21 In triangle ABC, AB=10, BC=24, and AC=26. Ifthe trizuigle is inscribed
inside a circle, what is the area of this circle?

X x+1
F05B22 Solve for all real values of x: 9 - 3 = 54 .

PART III: 10 minutes NYCIML Contest Four Fall 2005
DI
FOSB2S  E - =120 | compute the value of x.

Fo05B24 Helen and Jim take turns tossing a fair coin. Helen flips first. Whoever
tosses a “heads” first wins the game. If the probability that Jim wins can

be expressed as the fraction % where a and b are relatively prime integers,

compute (a, b).
ANSWERS
19. 4 - 22, 2
20. 841~ 23. 3

21. 1697 24, (1,3)
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SENIOR B DIVISION CONTEST NUMBER FIVE , FALL 2005
PART L 10 minutes NYCIML Contest Five Fall 2005
FO5B25 If (2°)4° X8 }16™) =327, compute the value of x.

F05B26 A rectangular solid has a face with area 24 77" , a face with area 48 i, and a

face with area 32 i% . If the volume of the rectangular solid is ¥ &7, where V is
an integer, compute the value of V.

PART II: 10 minutes NYCIML Contest Five Fall 2005
F05B27 Eight points lic in a plane such that no three points are collinear. Compuie the
pumber of distinct triangles that can be made in which the vertices of each
triangle are three of the eight points.
2
FOSB28  Findallreal valucs of x for which (108" ) +108X" =2 where the base
of the logarithm is 10.
PART III: 10 minutes NYCIML Contest Five Fall 2005
FO5B29 I 747 A44,31B iis 2 9-digit base 10 numiber which is divisible by 15, compute all

ordered pairs (A, B).

FOSB30 In quadsilateral ILBK, IL=7, BK=7, IK=6, and diagonal LK=5. If
mZLIK = m/LKB, compute the length of LB in simplest radical form.

ANSWERS
25. 19/ or 39% 28, 1/10, Ji0
26. 192 29.  (0,0),(3,0),(60),(50),(1,5,(4.5,&(7,5)

27. 56 30, 26
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SENIOR B DIVISION = CONTEST NUMBER ONE FALIL 2005
Solutions for Clmtui 1 -

Consider the diagram below. Tbcdlﬂmdﬁnmﬂnmmmﬁedmrdlsﬂn
perpendicular distance to the chord. Moreoves, this segment bisects the chord. Thas,

L7

o+ (55) =

By substitution, 72X+m=X" becomes
m(m+2)+m={m+2)
m*+3m=m*+dm+4
- m=-4
If D is the distance to work, then the entire trip has distance 2D. The time to work is
given by &1=%whﬂcthc?imerammgmmis;1=%, Thus,
2D =, +t,)R

Note: This is the harmonic mean of the two males.

20 =2+ 25z
40 50
R=—2 __300

1 1 9

40 50 -

mmdmwonmmmwfmmemmam
of AC and HM . Now we have AAHJ ~ AADC and ACMT ~ ACBA.
Therefore, 7 _ 3 and JM _2 Substituting the lengths for DC and AB , we

DC 5 AB 5 _
solve and get HJ = Qand.-fj?—% Therefore, HM=¥.
A B
HM"
y T\,
D [+

The decimal expansion of 3/7 = 0.4285’?14285?1 repeais every six places.
Since 2005 = 6(334) + 1, the 2005* digit is the same as the first digit, which is 4.

Becanse X, y, and z are positive integers, we can imaging a series of 21 “1°s” lined up as
follows: 1111..1111...111[11...11 Weneed to separate the “1's” into three
groups by placing 2 dividers between the “1°s”, The leftmost group will be the value of
x, the middle group will be the value of v, and the rightmost group the valoe of z. If we
do not allow two dividers to occupy the same gap between the “1's”, we ensure that x, y,
and z will be positive. There are 20 gaps and we need to place 2 dividers. Thus, there
20-19
=190
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SENIOR BDIVISION CONTEST NUMBER TWO FALL 2005
Solutions to Coatest 2 '

If x represents the number of gold marbles and 7 represeats the original total number of
marbles, then P(gold) = 3/ = %4 originally and p(golt) = 34 = 3l v 20"
Sx=3T

Tx=3T+60

Solving the system of equations , weget x=30.

In general, if the prime factorization of a number is p,* p,* --- p_* where

Py Paye--y P, are distinct primes and &, €,,..., &, are positive integers, the number of
positive integral factors is (¢, +1)e, +1)---(e, +1). Here,

(60)’ = (32.3.5]’ - (3“.35.5’), Thus, the number of factors is
(LO+IXS+IN5+1)=396.

|x] is always positive; therefore, | x | isnegaﬁe,tha‘ehyfmﬁngxtuhcmgaﬁm
Tesﬁngvalmforxyicld;—l(xﬁ-l Therefore, 1=]=-2. making x=-%. Noie:
You could also examing the inequality [x]| x | < —x*, forx<0. '

Factoring the expression yields (x + y}{x — y) = 275. Because x and y are both
positive integers, X+ ¥ > X~ ¥, and X > y. Moreover, (x+ ¥) and(x— y) must be
factors of 275. These factors are 275 & 1, 5 & 55, and 11 & 25. Solving the systems of
equations in each case yields the solutions (138, 137), (30, 25), and (18, 7).

Becanse the roots of a quadratic solves the equation @x” +5x+¢ =0, or alternatively
x’+£x+£=(x—p)(x—q)=n, wclmuwlhaip-g—q:-—g and_pq:i_

a  a a a
10

Let R and r be the radii of the circles. Consider the diagrams below. For the external
tangent, we get a right triangle with hypotenuse 10 and legs 8 and (R-7). For the intemal
tangent, we get a right triangle with hypotemuse 10 and legs /34 and (R+7).
This . (R-r)*+8*=10%
prodeces the system of equations: : .
_ (R+7r)+ 34 =107

Expanding: z* - 2Rr+ r*+ 64 =100 Subtracting yields 4 &7 = 30

R*+ 2Rr+r?+ 34 =100 .'.ﬂr=-12i.
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SENIOR B DIVISION CONTEST NUI\{BER THREE FALL 2005
Solutions to Confest 3

BemuememmglemmleSMaremlytwopmibﬂmesfmﬁ:esdelmghs 8-8-
2 or 8-2-2. Ths latter violates the triangle inequality. Themfou’e,lhesdwams-a-z.

Therefore, alfitude is given by 8% =47 +1°, Thus, k= /63.
Thcmmisthmgimbyﬂ=%-bb=%(2](\(§)=\fﬁ_3=3ﬁ, Note: You could
also use Heron’s formnla,

The points of intersection of the two graphs are at x=3 and x=1. Moreover, the region is
a square. Thns,ﬂlediagmnloﬂhcsq:mistmdﬂmmis%dz:%‘f:&

Rather than expand the expression, set :|:=lyielding(3—4-(l)), =-
Let A=Arcoos% andB=Arcsi.n%. ‘

cos(d + B)
=c¢cos Acos B —sinAsin B

= (24)(4)-C4)C4)=0

Note also, that A and 5 gre complementary, thas cos{(4+By=c0s(90°)=0

Using the cosing addition formmila:

Applying the rule that Jog 4 +log B =1og 4B, we obtain
tog ((x+1)(x +2))=log(2x +22). Thus, log(x” + 35+ 2) = log(2x + 22) -

x*+3x+2=2x+22
We can remove the logs and solve as follows:id,2 | 20 =0.

x=4,-5.

Xf we test the two values in the original expression, we mmst reject ¥ =—5. Therefore,
the only solution is X =4,

Amgﬂmhaégonismmpmdofsaqnnmm Each triangle has an area of

?r’ therefore, the hexagon has an of%r’.mmgrmgmﬁﬂh
N ﬁ[zr]’
compomdafﬁeqmlmaalmgﬁofmT —\E— . Thus the larger bexagon has

area 2+/3r%. Thus, the matio of the larger hexagon to the smaller hexagon is %.

® O



NYCIML

FO3B19

FO5SB20

FO5B21

F05B22

F05B23

AV
\/ay L

SENIOR B DIVISION CONTEST NUR[BER FOUR FALL 2005
Solutious to Contest 4

A+C
2

In general, if A, B, and C form an arithmetic progression, then B =

ZB=A+C Thesefore 2(2z+3)=(x-D+{(5x-1)
- "4x+6=6x—-2

Sz = &,

?

If x is the infeger, then we get 2 remainder of 1 when we dividexby 3,4,5,6,7,0r 8,

-then x—1 mmst be a multiple of 3, 4, 5, 6, 7, and 8. In order to minimize x-/, we need to

find the least common multiple of 3, 4, 5, 6, 7, and 8. This is 840, Therefore, x = 841.
AABC is a right triangle; therefore, if you inscribe the triangle in a circle, then the
hypotenuse is the diameter of the circle. Therefore, the radius is 13, and the area is 169,
We can rewrite the expression in terms of powers of 3 as
follows: (3%} —3'3% — 54= 0, or simply (3) -33°~54=0.
I we let y =3, then we have the quadmatic 3* —3y—54 = 0. This has solutions
y=9 and y = ~6. Substituting back for y, we can reject the yoot —6. Therefore,

=9 and x=2,

We can consider {he . (x!!)! 2 (x!)(r!—l)(x!;!Z)---(S}(Z)(l)
by o yields (x}—1}x1-2)---(3N2)1) = (x+1}! We know now that
(x!-1)!=120, forcingx}-1=35, or simply x¥1=6. Thus, x=3.

. Dividing

Tf we consider the first opportunity that Jim could win, Helen most flip a “tils”, and Jim
mnstﬂ:pa"heads" 'Ihepmbabimyofﬂ:isoocunmgls

P(tails)- P(heads‘] —————— Tius]mwevu'lsmtﬂuonlywayﬁmcouldm

Helen could flip “tails,” thmﬁmﬂlps“laﬂs, ﬂlmHelmﬂlps"mls, and finally Jim

1111 1
flips “heads”. This probability is —-—-—-—= =, Ifwe mmuc!]ns to find
ps s 2 22 16 process

ﬂwmnoppomniljrforﬁm,wemﬂdmaﬂmﬁwmbabﬂmﬁyﬂowam
progression whose common ratio is % We need to find the sum of this geometric
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SENIOR B DIVISION CONTEST NUMBER FIVE FALL 2005
Solutions for contest 5 :

@)Y @) -
24.216.213.213 =25:
Converting the expression to powers of 2 yields 156 _ s

196

5

If we let o~length, b=width, and c=height, then the area yield the following: ab=24,
ac=48, and bc=32, Multiplying the three expressions together yields the following:
a’b’c® =24-48.32 =21-3-2' -3.2°

(abc) =29.3%

The quantity abe is the volame of the rectangnlar solid; therefore,

abe = +f2'7-3% = 2.3 =192, Note: do not mark incomrect if units are missing.

‘We are sclecting 3 points from a group of 8 to be the vertices of the triangle. Becanse the

order that we select the points is not impostant, we use | C, = _3!_= 56.

3151

Lety=1logx. Theny*+y—-2=(y+2Xy-1) =0andy=-2,1.
Theny=Jog X* = 2og x= -2, 1, and x=1/10, JI_O

If the number is divisible by 15, then i must be divisible by both 5 and 3. For divisibility
by 5, the unit’s digit needs to be 0 or 5. For divisibility by 3, the sum of the digits of the
number must be a multiple of 3. The sum of the digits is 30+44-B. If 3=0, then A could

be,3,6,0r9 IfB=5 then Acouldbe 1,4, or 7.
Therefore, all possibie (4,8) are (0,0), (3, 0), (6, 0), (9,0), (1, 5), (4, 5), &£ (7, 5).

Ifwelet @ =m/LIK = m/LKB, we can use the law of cosines to solve for cos{#).
Thus, 72 + 6% —2-7-6-cos{@) =5, or cas(@)=%. We can now use the law of

52 +7* =2.5-7cos(f) = (LB)
cosines again to find LB.49 5 4 49—(70)[;—] =(LB)

24 = (LB)?
5 LB =2+/6.
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