SENIOR A DIVISION CONTEST NUMBER ONE SPRING 2004

PART I: 10 minutes NYCIML Centest One Spring 2004
2
S04A1. If 22:: +2x +2=5,com,putea]1realvalues of x.
x+1 x
S04A2. John, Paul, George, and Ringo bought 15 identical ties. Compute the

number of ways they can divide the ties among themselves if each one
gets at least one tie. :

PART II; 10 minutes NYCIML Contest One Spring 2004

S04A3, Points X and ¥ are on the x-axis and y-axis, respectively, so that the slope

of XY is 2. Let A be the foot of the perpendicular from the origin to XY .
Compute the ratio X4:Y4.

S04A4. If x is the measure of an acute angle and 2 — tan x = cot 2x, compute
sinx+cosx.

PART III: 10 minutes NYCIML Contest One Spring 2004

S04A5. Nine of the ten integers 2, 3, 4, ..., 11 are placed in the squares of a 3 by 3

grid, one number to a square, in such a way that the six sums of the
numbers of each row and each column are identical. Let x be the number
that is not among those placed. If x is not a prime, compute x.

S04AS6. In circle O, chord 4B of length 2 is parallel to diameter CD. If AC =3,
compute all possible values of the radius of the circle.

ANSWERS:
S04al1. 1

S04A2. 364
S04A3. 1:40r0.25

N

S04A4. —

2
SO04AS5.

8
J19£1
2

S04A6




SENIOR A DIVISION CONTEST NUMBER TWO SPRING 2004

PART I: 10 minutes NYCIML Contest Two Spring 2004

S04A7. If a=log2 and b=log3, express log, 80 in terms of g and & with no
logarithms.

S04A8. Two circles are drawn in the plane. Lines / and £ are each tangent to both

circles with the points of tangency 24 units apart on line / and 66 units
apart on line £. If the radius of one circle is 15, compute the radius of the

other circle.
PART II: 10 minutes NYCIML Contest Two Spring 2004
S04A09. Linda has four dimes, three of which are fair coins. The fourth dime has

heads on both sides. She picks a coin at random and flips it, obtaining a
head. Compute the probability that the coin is a fair dime.

S04A10. In circle O, perpendicular chords AB and BC have lengths 10 and 24,

respectively. Circle  is tangent to AB, BC and circle O. Compute the -
radius of circle Q.

PART Iii: 10 minutes NYCIML Contest Two Spring 2004
S04A11. In AABC tan A=2 and tan B=4. Compute tanC.
S04A12. Consider all of the 5-digit natural numbers that can be formed using the

digits 6, 7, 8, 9, and 0, using each digit exactly once. Compute the sum of
these numbers.

ANSWERS:

0447, 134
ab

SC4A8. 63 -

S04A9. 3
5

S04A10. 8

sosa1l. 8
7

S04A12. 7799940



SENIOR A DIVISION CONTEST NUMBER THREE SPRING 2004
PART I: 10 minutes ) NYCIML Contest Three Spring 2004

S04A13.  If8,731,3a4 is divisible by 24, compute a.
S04A14. A pizza is cut into 8 slices as shown. Five randomly

chosen slices are eaten. Compute the probability that
none of the 3 remaining slices share a side.

PART II: 10 minutes NYCIML Contest Three Spring 2004

S04A1S, The sum of the first 10} terms of an arithmetic sequence is 204. The sum of
the next 10 terms is 2004, Compute the first term of the sequence.

S04A16. In AABC, mZB=90°. Point P is chosen outside of AABC so that
PA=9, PB=6, PC=4,and £P4AB=/PBC . Compute the area of
AABC.

PART II: 10 minutes NYCIML Contest Three . Spring 2004

S04A17. Tn isosceles AXYZ , XY = XZ . Point W is chosen on the base so that
XW =YW =10 and the distance from ¥ to XY is 6. Compute #Z.

S04A18. Compute the number of integers between 10 and 1000, whose digits add
up to 9.

ANSWERS:
S04A13. 4

S04A14. 2
7

S04A15. -60.6 or —303/5
S04A16. 15
S04A17. 15.6 or 78/5

S04A18. 54



SENIOR A DIVISION CONTEST NUMBER FOUR SPRING 2004
PART I: 10 minutes NYCIML Contest Four Spring 2004

S04A19. Compute the number of lattice points (points with integer coordinates) in
the interior of the triangle with vertices (0, 0), (12, 0), and (5, 6).

S04A20. In AABC , mZA=3m/B.If BC =6 and AC =4, compute AB.

PART II: 10 minutes NYCIML Contest Four - Spring 2004

S04A21. Compute the length of the altitude to the base of an isosceles triangle

given that the base has length 310 , and the altitude to either leg has
length 9.

S04A22. Compute all integers x for which x* +4x* —8x +1 is a perfect square.

PART III: 10 minutes NYCIML Contest Four Sprig 2004

S04A23, Andy and Roger each roll a regular 6-sided fair die. Compute the
probability that Andy’s result is an integral multiple of Roger’s result.

S04A24. )

x+yz=1
y+xz=-1
z+xy=1
Ifx, y, and z are complex numbers, compute all possible values of xyz.

ANSWERS:

S04A19. 30

S04A20. 10

S04A21. 2@

S04A22. 0,-2

S04A23. Z

18

S04A24, -2,1



SENIOR A DIVISION CONTEST NUMBER FIVE - SPRING 2004
PART I: 10 minutes NYCIML Contest Five Spring 2004

S04A25. How many ordered pairs of positive integers (a,5) exist such that the

greatest common divisor of a and & is 11, and the least common multiple
of g and & is 2002.

S04A26. A circle and a semicircle, each of radius 150, are inscribed
into a square as shown. Compute the radius of the small
circle that is tangent to the large circle, the semicircle, and '
the square. ' \ /

PART 1I: 10 minutes NYCIML Contest Five Spring 2004

S04A27. a is chosen so that x? +4x+a=0 and 2x* +ax+2 =0 each have two
distinct real roots. Compute all real numbers a for which the absolute
value of the difference of the roots is the same for both of the quadratic
equations.

S04A28. Seven girls and three boys are to be arranged in a line so that each boy is
- to have a girl on either side. Compute the number of ways in which this is
possible. '

PART III: 10 minutes NYCIML Contest Five Spring 2004

S04A29. Ming ordered a (circular) pizza, and now he wants to cut it into 10 pieces
: with # cuts (each cut is along a plane perpendicular to the top of the pizza
and contains a chord of the circular pizza top.) Compute the number of
different values of n that will make this possible.

S04A30. Compute the number of 7-digit integers, containing no digits other than 1
or 2, in which neither three or more 1's nor four or more 2's appear in a
TOW.

ANSWERS:
S04A25. 8
S04A26. 25
S04A27. -20
S04A28. 604800
S04A29. 6
S04A30. 63



SENIOR A DIVISION CONTEST NUMBER ONE SPRING 2004
SOLUTIONS '

2x ,thent+-1-=£. f:zorf:l. zx
x +1 t 2 2 x+1

S04A1, Letr= =2 has no solutions.
x

x+1

=—;— has one solution x =1.

S04A2. The problem corresponds to determining the number of positive integral
' 14
solutions to x, +x, +x, +x, =15, which is (3 ) =364.

S04A3. By similar triangles, (see diagram) the ratio is % or 1:4,

2

S04A4. 4-2tanx=2cot2x=

=cotx—tanx
tan x

. 1
4 =cotx+tanx =_; ~> 5N XcosXx = —
sinxcosx -4

3

(si11:ﬁ:+crc>sx)2 =23inxcosx+1=-;-+l =E

. 6
SIX+C0sX =T

S04A5. Let the sum along a column be s, then the sum of the 9 2111 6
numbers must be 3s and similarly the sum along each row must also
be s. Since 2+3+...+11 = 65, 35 must-be one of the 4 multiplesof3 | 7 | 3 | 9
between 65-11 and 63-2 inclusive. Of the 4 numbers that can be

excluded, only 8 is not prime, so 8 is the answer. 1015 4
S04A6. Let the radius of the circle be 7. In case A, the perpendicular distance between
J19+1
the two lines must be /9 —(r—1)° . Since r2=9~(r=1)' +1=9+2r—r?, r= ;
o lines m (r-1)°. Since r -1 'y ¥ -
In case B, the perpendicular distance between the two lines must be J‘) —(r+ 1)2 . Since
' - +
r1=9-(r+l)2+1=9-2r—r’,r=“h—z 1. The possible answers are r=J1_92"1.
l AN
1\ 5"
A1 TS 2 % 1ot A



SENIOR A DIVISION CONTEST NUMBER TWO SPRING 2004
SOLUTIONS

logl0+3log2 1+3a

S04A7. 1 80=
4AT. logy 4log3 4p

S04A8. Let the radius of the other circle be r and 4 is the distance
between the centers, then regardless of which circle is larger, the

equation is (F+15)? +247 = & = (r -15) + 66”. Solving, this
simplifies to a finear equation and » = 63. ‘g‘

S04A9. Ofthe 5 existing heads, 3 lie on a fair coin. Thus the

conditional probability is 3/5.
S04A10. The length (0Q)’ =(13—-7)" = (12— r) +(r-5)". This \
leavesr=0orr=8. )
0
9 |r M4 ]
| ' ik ):/ /
S04A11. [/
Soln A) Build one such triangle with CX'=4. It follows that the T
area of A4BC is 6, BC= 17, and AC = 2,/5.
Area:é:%@ﬁ)(l?l’). BY= 6—5@ By the Pythagorean ¢
Theorem,CY=¥. IntriangleCBY,tanC=g. \
: t .
Soln B) In a triangle, _ ¥
(tan 4)(tan B)(tanC) = tan 4 + tan B+ tan, | \
24)x) =2 +4 +x, and x = 6/7
so 2(4)(x) x, and x = x‘] = "

nACK+tmBCX _ Votlg 442 6
1- tan ACX tan BCX 1_(%)(%) T 8-1 7

S04A12. If the leftmost digit was allowed to be 0, then the average digit is 6 and there are
120 such numbers, totaling to 120-6- 11111 = 7999920. The numbers whose lefimost
digit is 0 can be considered 4 digit numbers consisting of 6, 7, 8, or 9, with an average
digit of 7.5. There are 24 such numbers, totaling to 24 -7.5- 1111 = 199980. 7999920 -
199980 = 7799940, _

Soln C} tanC =



SENIOR A DIVISION CONTEST NUMBER THREE SPRING 2004
SOLUTIONS

S04A13. The number must be divisible by 24, that is, divisible by 3 x 8, hence must be
divisible by both 8 and 3. For it to be divisible by 3, 2 must be either 1, 4, or 7. For the
number to be divisible by 8, the number 344 must be divisible by 8. only a = 4 works.

8
S04A14. The total number of combinations of 3 pieces is {3] =56 . The number of

combinations that contain exactly 2 pieces stuck together is 8 -4, since there are 8 places
for the lone piece to be and 4 places for the double piece to be after the lone piece is
chosen. The number of combinations that contain 3 pieces stuck together is 8. So
56—32-8 2

56 7

S04A15. Let a be the first term and J be the common difference. The tenth term is
a+9d . The average of the first ten terms is the average of the first and last term, or
a+4.5d =20.4 The eleventh and the twentieth terms are a+104 and a+194 . The
average of the second ten terms is the averape of the first and last of those, or
a+14.5d =200.4 . Solving, we find 4 =18, and s0 a=-60.6.

S04A16. ZABP is complementary to £PBC, so also to ZPAB. Thus £ZAPB is a right

angle, and 4B = 3J13. cosZPBC = cos LPAB =—— d s SJ_ . Applying Law of
313 13
3J_

Cosines to APBC , we find 16=36+ BC* ~ 2(6)(BC)
10413

and 4 but only for the second does point P lie outside of A4BC . The area of

A4BC is — (3()[10‘/—] g ¢
<

. We get two roots, 2413

9
: X
A
S04AL7. AYNW = AYMX £ /
' 8

Therefore t—ﬁ—i‘i—, ‘_,5/ 16

10 5 e \-,.\

128 50 78 PPN
WZmu0=m5 =y v 10 N\E 4
S04A18. Solution 1: There are 9 ' . M Z

such two-digit numbers, 18,
., 90. If the hundreds digit is 1, there are @ numbers, if it’s 2 there are 8
numbers, ..., if the hundreds digit is 9 there is 1 number. 9+(9+8+...+1) =54

Solution 2: The problem simplifies to distributing 9 units among 3 containers.

1y
You can do that in (9;31 I] =(12]=55 ways. This includes the number 9, so the

answer is 55-1=54.



SENIOR A DIVISION CONTEST NUMBER FOUR SPRING 2004
SOLUTIONS

6-12-0-
S04A19. The area of the triangle is | 22 0-3 =36. There are 13 points on the

segment from the (0,0) to (12,0), 2 points on the segment
from (0,0) to (5,6), and 2 points on the segment from (12,0) Ca
to (5,6), totaling to 14 points on the edge of the triangle. By I -

Pick’s Formula, 36 =1+E/2-1=1+ 7~ 1. ThusI=30. e
there are 30 points in the interior of the triangle.

S04A20. Let the measure of angle B be x. Locate D on
segment BC such that the measure of angle BAD is also x.
Then angle ADC must be 2x since it is the supplement to
angle ADB. Triangle CAD is thus isosceles. Extend AD
through D to £ such that angle BED measures x. Drawing a
line parallel to AC through B and a line parallel to BC
through E, similar triangles form and the length 4E can be

determined to be 5. Since triangle 4 DB is similar to triangle ABE, the length 4B =Ji0.

S04A21. Let the leg of the triangle be x, then the distance BD is 3 by the Pythagorean
theorem, 50 x> = (x-3)° + 9°. x is thus 15. The altitude to the base of the triangle is

15.9 _94io c
Wio 2

bism—f
S04A22. . (i + 2x)? = x* + 4x” + 4x* matches the polynomial down to the 3 power.
(F + 2x—2)* =x" + 4x’ — 8 + 4 will match the polynomial down to the 2™ and
coincidentally the 1% power too. In other words, x* + 48P +1=("+2x-2)"-3. 3
can be the difference of squares only whenx® + 2x—2 =42, or whenx=0 orx=-2.

S04A23. l(1+l+-1-+l+l+-]—)'=—7-
6L 2 3 6 6 6/ 18

S04A24. Let p=xyz, then

yz=1-x .

xz=-1-y

xyp=1-z

P2 =~(x-1)r+1)(z-1) = -priaytyz-xztx-y+z=] = -p + (xptz) + (z+x) - (xz ) - 1
pP=p+l+1+1-1=2-p
p=lorp=-2



SENIOR A DIVISION CONTEST NUMBER FIVE SPRING 2004
SOLUTIONS

S04A25. Let a=1la, =115 . Now for each of 2, 7, and 13, at only one of g, or §,
contain it. Hence we have 2-2-2=8 total possibilities for (a,,5,), and hence (a,5).

S04A26. ¥ = (150 =’ —FF = (150 + r)* = (150 - #)°
Solving for  yields a linear equation that reduces to r =25 V2 ©

S04A27. The quadratic equation x> +4x+4=0 hasas N/
\

4+ f16-4a 150-r 15047

roots —-—2—-—- , the absolute value of the difference of ."‘-

150

the roots is +/16—4a , and the quadratic equation

—at-Ja’-16 : 150
4

, the absolute value
Jat-16
2

2x? +ax+2 =0 has roots

of the difference of the roots is . If the 2 differences are equal, we have

Y . :
J16—4da= g 3 16 , leading to 4(16 —da) =a” —16. Solving, we get a=4 or a=-20.

If a =4, neither equation has distinct roots. Hence a=—201s the only solution.

S04A28. Arrange the girls first — this can be done in 7! ways. Now we must place the
boys between the girls. There are 6 such positions, and each can contain at most 1 boy.
Hence, we have 6-5-4 arrangements for the boys after we arranged the girls, for a total
of 7%-6-5.-4= 0604800

S04A29. 4 is the smallest number of cuts needed. 9 is the largest possible. Anything in
between also works. Thus there are a total of 6 possibilities.

S04A30. The number of 7 digit numnbers made up of 1’s and 2’s without restrictions is 2’
= 128. Sort the numbers that contain 3 adjacent 1’s by the starting position of the
consecutive 1°s, then there are a total of 2° + 2 +2° +2° + (2° — 1) = 47 numbers that
contain 3 adjacent 1°s. Sort the numbers that contain 4 adjacent 2’s in a similar manner,
then there are 2° +2% + 2% + 22 = 20. There are 2 numbers that have both of these
qualities. The total number thus tallies to 128 — 47 - 20 +2=63.
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