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vm Matz:frﬁﬁbs azz:que

JUNIOR DIVISION CONTEST NUMBER ONE SPRING 1¥99
PART I: 10 Minutes NYCIML Contest One Spring 1999
S99J1. In the game of NIMI4 there are fourteen E C

cards in a pile. Two players alternate turns taking
1,2,3.,4, or 5 cards {rom the pile each time. The
winner is the one who takes the last card. If you go i,
first, how many cards should you take to guarantee
that you win?

$99J2. Point E is selected on side DC of square
ABCD shown on the right so that DE = 5 and
EC = 6, Point F is selected on side DA so that AE
DF = 2. Find the shaded area.

PART II: 10 Minutes NYCIML Contest One Spring 1999

S99 J3. When written as a fraction in reduced form, A

iigill’?::%gg s %. Compute the value of a+ b. E

$99J4. In the diagram on the right, BE 1 AC and

CD L AB. If AB=8,AD =5 and AE=4. compue the C
length of EC.
PART IIi: 10 Minutes NYCIML Contest One Spring 1999

S99]J5. Square ABCD is constructed by choosing two S R
points B and D such that DB = —;—SQ and B and D are on a

diagonal SQ of square PQRS, as shown on the right. If a D C
point is selected at random inside of square PQRS,
compute the probability that the point is not inside square
ABCD.

S9§J6. The fraction

(23-13(33-1)(43-1)...(203-1) A
(23+1)(33+1)(43+1)...(203+1) P Q
can be rewritien as E, where p and q are both positive and

have no common factors other than 1.- Compute the value of %

T e

ANSwWers
1. 2 3.12 5, 3—
421
2. 83 4. & 6. 530




New York City
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JUNIOR DIVISION CONTEST NUMBER TWO SPRING 1999
PART I: 10 Minutes ~ NYCIML Contest Twe Spring 1999

S99J)7. In the game of NIM 200 there are two hundred cards in 2 pile. Two players
alternate turns taking 1,2,3,4, or 5 cards from the pile each time. The winner 1s the one
who takes the last card. If you go first, how many cards should you 1ake to guarantee
that you win?

S99J8. A farmer paid $7400 for a sheep, a cow and an ox. The cow was worth nwelve
sheep, and the ox was worth two cows. A week later he bought ten sheep, three cows
and two oxen. How much did he pay if the prices per animal did not change?

PART II: 10 Minutes NYCIML Contest Two Spring 1999
S99J9. The figure in the diagram ontheright, was cul @

from a square whose side has length 12. Compute the 7]

perimeter of ABCDEF. D 0 C

§99J10. The number310 +38 —10 can be rewritien as

pAgPre, where p, q, and r are prime numbers.
Compute the valueof p+ g+ i+a+D+C.

ADO B

PART III: 10 Minutes NYCIML Conte.st Two Spring 1999
S99J11. Ify12 + x = 5, compute the value of x. D C
$99J12. In the diagram on the right, AC L CB.
AC = BC, AB = BD, and DC Il AB. Compute mZBDC.

A B

ANswers
7. 2 9.48 11. 169

8. $18,800 10. 57 12. 30
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JUNIOR DIVISION CONTEST NUMBER THREE SPRING 1999
PART I: 10 Minutes NYCIML Contest Three Spring 1999

S99J13. In the game of NIM 500 there are five hundred toothpicks in a pile. Two
piayers alternate turns taking 1,2,3,4,5,6,7, or 8 toothpicks from the pile each time. The
{oser is the one who takes the last toothpick. If you go first, how many toothpicks should
you take to guaraniee that you win?

S99J14. A set of five positive integers has median 6 and mean 4. There s only one
mode in this set, 6. Find the set of five integers.

PART II: 10 Minutes NYCIML Contest Three Spring 1999

S99J15. The figure in the diagram on the right, was cut I
from a square whose diagonal has length 10. The J T
penimeter of ABCDEFGHIJ can be expressed as ayb, G
where b is a positive prime. Compute the ordered pair

(a,b). H

S99J16. If x and y are positive integers such that x>y, FOE
=

compute all ordered pairs that satisfy the equation
1 1 1 D
—to=5

x'y4 Ab

1 (7]

= O

PART IIl: - 10 Minutes NYCIML Contest Three Spring 1999

S99J17. The sum of two positive integers is 27. The sum of their cubes is 5103. Compute
the two integers.

S99J18. The product %- %- %4-- g—g- . --%gl can be written as a fraction §, where a and

b are relatively prime positive integers. Compute the sum a+b.

e e e M

Answers
13. 4 15.(20,2) 17. 12and 15
14. {1,1,6,6,6} 16. (20,5)and (12,6) 18. 9997
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Solutions

S99 J1, The best way to handle this problem is 1o work D
backwards: At the very end, you will have 1,2,3,4, 0r 5
cards from which mugoose. Your opponent should have 6 2
cards to choose from his/her last turn. In order for that to
happen, you must have 7, 8, 9, 10, or 11 curds from which F
to choose. In order for this to happen, your opponent
should have 12 cards in front of him/her. This means you

must take two cards the first time, Answer: 2

S99 J2. it is difficult to find the area of FABE directly.
Ap easier approach is to find the area of square ABCD A
(which is 121) and subtract the non shaded areas. The area
of ADEF is 5 and the area of AECB is 33. This means that the area of the shaded region 1s
121 - 38 = 83. Answer: 83

S99 J3. There are several approaches 1o this problem.
Probably the simplest one is 10 factor both numerator and

o 5+10415+.5200  3(142+3..440) 5 .o
depominator. SO ETE © T(ie2ed 4a0) = 7 DI
means that a =5 and b= 7 so thata + b= 12.

_ Answer: 12

S99J4. Let x = EC. Since AABE ~ 8ACD, we can set up
the following proportion:
8_x+d
4~ 5 .
S99J5. The probability is the ratio of the area inside squure
PORS and outside square ABCD to the area of the square PQRS. R
Since no measures are given, let SQ =43 The area of a square \ C
whose diagonat haslength d is i‘ﬁl Thus the area of square ABCD D
= 1 and the area of square PQRS is 4. The area outside of square
ABCD within square PQRS is 3. The desired probability is thus %.

Answer: % A_
P Q

S99 J6. in order 1o simplify the given fraction, we need to [aclor the numerator and denominaier using

x3oi=(x—1px2+x +1)and 2% + 1= (x+ L)o(x? - x + 1). This gives the following:
@BHE3-DE-D..203-D) _ @-DE-DE1..20-1) , @2+2: 1)E243+ @244+ D). (207 220+ 1)
34133 1)(@341).. (203+1) | C+LG+DE D (20+]) (2224 1)B23+1)(42-4+1)...(202-20+1)

_ 19e3e 019 701321431e.0421 _ 2 421 _ 421 121

T 3ede5e w21 3v7e13431e.4381 . 2021 3 630 ANswer: o5y

This gives x = 6. ) Answer: §

o

¢

oy
il

Dlesst snolt: Concpts wstd todany will b aspesiid &eten s Yo
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Solutions

S99]J7. Worki.ng backwards, we aim to have our opponent have 6, 12, 18, 24,.. cards [rom
which to choose. (See S99J1). Followiag this pattern, our first goal must be o have 98 cards
in front of your opponent. This will bappen if you choose two cards the first time.

Answer: 2

S99J8. Let s = the price of a sheep. The price of a cow is 12s and the price of an ox is

24s. This gives the equation s + 12s +24s = 7400 < 37s = 7400 giving s = 200. Thus tbe
price of a sheep is $200, » cow cosls $2400 and an ox costs $4800. The cost of ten shecp,

three cows and two oxen is $2000 + $7200 + $9600 = $18,800. Answer: 318,800
S99J9. In the diagram on the right, extend FE and BC until F R
they meet at poiat G. This shows that ABCDEF has the same (] G
perimeter as square ABGF, which is 48. B
D OO

Answer: 48
S99)10. 310438 _10=238(32 + 1) - 10 = 38(10)~ 10
= 1038 — 1) = 10(3% — 1)(3% + 1) = 205:80:82
205024504102 = 264524411, Thus the needed sum is
2+6+5+2+41+1 = 57.

Answer: 57 A 0O OB
S99J11. V12 +Vx=5=3 12+ Vx=25 3 Vx = 1350 x = 169. Answer: 169
S99J12. Construct CE L AB, extend DC 1o pointFso ) C F

that BF L DF. AACB is an isosceles right triangle so that
altitude CE is also a median, The length of the median to
the hypotenuse of a right triangle is half the hypotenuse.

Thus CE =  AB. Because parallel lines are equidistant,

we have CE = BF. We also were given AB = BD. A E B
Substituting these facts in the previous equation, we gel

BF = 1BD. This means that ABFD is a 30-60-90 triangle withm£D =30.  Answer: 30
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Solutions

S99 J13. The best way to handle this problem is to work backwards: At the very ead, your oppooent
will have one toothpick in front of himsher, since you expect kim/ber to Jose. This means that you should
have 23,4,5,6,7,8, or O toothpicks in front of you. This will happen if your opponent hus 10 toothpicks
in front of him/her. Coatiruing on this way, your opponent should have 19, 28, 37,... 1oothpicks [rom
which to choose. These numbers are one more than a multiple of 9. Since 496 i3 the closest nunber to 500
that is one more than a multiple of 9, you must choose 4 toothpicks lo ensure that you win.

Answer: 4

S99J14. Since 6 is the unigue mode, there are at least 1wo 6's. This means the three other numbers 1o
the set have a sum of 8 (since the mean is 4). Although there are several possibilities, the only ove that

keeps 6 as the median is {1,1,6.6,6} Answer: {1,1.66,6}
1

S99 J15. If the length of the diagonal is 10, each side has length - o K

5V2. The diagram on the right illustrates that the figure 1

ABCDEFGHIJ has the same perimeler as square ABKJ which is

20‘\6. This means that a= 20 and b =2. Answer: (20,2) FLL E
S99J16. Multiplying both sides of the equation %\» $= i by =l 1“C
4xy gives dy + 4x = xy. This is equivalent 1o xy — 4x -4y = 0. A | B

Adding 16 to both sides gives xy — 4x —4y + 16 = 16. The left hand
side factors nicely giving (X ~ 4)}{y—4) = 16. Since x and y are iniegers
we can test every possibility: Case I: The wo Factors of 16 are 16 and 1. This gives x =20 und y =5.

Case II: The twa factors of 16 are 8 end 2. This gives x = 12 and y =6. There are no other cases since x
must be greater than y. Answer: (20,3)and (12.6)

_ ce Xx+y =27
S99J17. Letxandy= the two posilive integers. We have the system {x3+y3 - S103

In order to solve this system, cube the first equation: x> + 3x2y + 3xy2 + y3 =273
Thisis equivalent to x3 + y2 + 3xy(x+y) = 2 = 5103 +3xy(27) =27 = 27(189)+3xy(27) = 27
~» 189 +3xy =272 «p 63 4+xy =243 = xy=180
From the first equation, we have ¥ = 27 — X so we can substitute this result into xy = 180. This gives the
quadratic equation x(27-x) = 180 ~» 27x-x2 =180 -» x2-27x+ 180=0 = (x-12)(x-15)=0
Thus x = 12 or x = 15. In both cases we get the pair of numbers 12 and 15. Answer: 12 and L5

S99J18. Foi e B e 22t = (1-39e(1- 2001 -3De(1 ~g)r.r (1 - 155)

= (=Dl + Do = DL+ Do(1=Pe(l + Dos (1 - (1 + 139)

=G @ @Or@O O (5

Notice the pattern: Other than the first and last tenns, each term is followed or preceded by its reciprocal.

This means that most terms divide our leaving % . %—33—'?; = §§§=‘}. Thus a = 4000 and b = 5997
and a+b = 9997, Answer: 9997
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