New York City

Interscholastic
Mathematics League
JUNIOR DIVISION CONTEST NUMBER ONE FALL 1998
PART I: 10 Minutes NYCIML Contest One Fall 1998

F98J1. Jack went to work early one morning and was able to drive at an average of 60
miles per hour. Returning home, he rode over the same route but hit traffic. If he

averaged 30 miles per hour on the way home, compute his average speed for the round
irip to and from work.

F98J2. Compute the value of '\/12+ \j 124 124 .. .

PART II: 10 Minutes NYCIML Contest One Fall 1998

F98J3. Circles A and B intersect at points P and Q. If point B is on Circle A, point A is
on Circie B, and AP = 6, compute the area of quadrilateral APBQ.

F98J4. On a trip, some friends hiked one mile east, then one mile northeast and then one
mile east.The distance from the starting point [0 the ending point can be written in the

form a+]w’E, where a, b, and ¢ are positive integers and ¢ is not divisible by the square
of any prime number, Compute the value of a+b+c.

PART III: 10 Min_utes NYCIML Contest One Fall 1998

F98]J5. Compute the value of ab in the following system of equations:

{a+b+\fa+b=20

a2 + b2 =130

into many triangles by connecting all points of intersection.
Y E y g p

Compute the total number of triangles in the figure.

\/

Answers
1. 40 3.18%3 5. 63
2. 4 4. 9 6. 20




New York City

Interscholastic
Mathematics League
JUNIOR DIVISION CONTEST NUMBER TWO FALL 1998
PART I: 10 Minutes NYCIML Contest Two Fall 1998

F98)7. Jack went to work early one morning and drove at an average of 60 miles per
hour. Retumning home, he rode over the same route but hit a traffic jam. If he averaged
30 miles per hour for the round irip, compute his average speed driving home.

F98J8. Suppose x2 ~ x — N can be factored as the product of two finear [actors with
integer coefficients. Compute the number of possible values of N if N is a two-digit
positive integer. '

PART II: 10 Minutes NYCIML Contest Two Fall 1998

F98]J9. In the diagram on the right, a cube is drawn.

If the area of ABFC is 3242 , compute the surface area
of the cube. A

F98J10. In AABC, medians AP and BQ are drawn.

IfAP L BQ, AP =18, and BQ = 14, compute the area
of AABC.
_ B

PART IIl: 10 Minutes NYCIML Contest Two Fall 1998
F98)11. If xy= 12 and X2y + xy? + X + y = 104, compute the value of x* + y2.

F98]12. Equilateral AABC is shown on the right. I
was subdivided into smaller equilateral triangles by
dividing each side into four congruent segments and
connecting all points that result in line segments parallel
to a side of AABC. If a resulting triangle is chosen at
random, compute the probability that the triangle chosen
has three shaded small triangles.

Answers
7. 20 9,384 11. 40
3
8. 7 10. 168 12. T3




New York City

Interscholastic
Mathematics League
JUNIOR DIVISION CONTEST NUMBER THREE FALL 1998
PART I: 10 Minutes NYCIML Contest Three Fall 1993

F98J13. Steve has $3.80 in coins on him. If he has only dimes and quarters and has lwenty comns in
all, compute the ordered pair {d.q) where d is the number of dimes and q is the number of quarters be
has. :

F98J 14. Equilateral AABC whose side has length 100 centimeters is subdivided into smaller equilateral

irangles by dividing each side into fifty congruent segments and conneciing only those ponts thai

create line segments parallel to a side of the original triangle. Compute the number of equilateral
triangles that result having length 2 centimesers on a side,

PART II: 10 Minutes NYCIML Contest Three Fall 1998

F98J15. in the diagram on the right, equilateral
AABC is shown with AC = 6. Points D and E are -
chosen so that DB = EB = 2. Compute the area of
quadrilateral ADEC.

F98J16. Jack went to work early one moming and
drove at an average 20 miles per hour faster than he
averaged driving home over the same route, If he
averaged 37.5 miles per hour for the round wrip, A
compute his average speed driving home.

PART III: 10 Minutes NYCIML Contest Three Fall 1998
F98J17. The diagram on the right depicts a square warehouse 600 feet 7,
long on each side. There are two walkways {as shaded in the diagram),
each symmetrical about a diagonal. There are 400 feet on each side of
the square in between the walkways. Compuie the shaded area.

F98J18. In the diagram below, AC = I and BC =3 in right AABC. D

and E are trisection points of CB. Ifa=mZADC, b = mZAEC, and
¢=m/ABC, compute the value of a+b+c, where a, b, and ¢ are

measured in degrees.
A
a b [
ANswers
13. (8,12) 15.83 17. 200,000

14, 10000 16. 30 18. 90




New York City
Interscholastic
Mathematics League

Solutions
F98J1. Method It Letx = the distance Jack had to travel to work. His average speed is “Jompmis
. 2x 120x
This gives T—5 = o=~ 44,
o)
Method II: The average speed on a round trip, following the sane route is the harmonic mean of the two
speeds. This gives "zi'-n" =40 Answer: 40

F98J2.1etx= ‘\/12+ \j 12+ 12+, =124 X =¥ x=-3orx =4. Since x is obviously

positive, the only reasonable answer is x = 4. P Answer: 4

F98J3. AAPB and AAQB must be equilateral.
The area of an equilateral triangle whose side has
length “s” is given by the formula A =* 7 - Thus
each of these triangles has area 9\(3-' The total
required areais therefore 183

Answer: 183

F98J4. In the diagram on the right, AB is
extended to point G so that DG L AB. We
need to find AD. It is easy to verify that
BCDF is a thombus, so BF = FD = 1. Since
AFGD is an isosceles right triangle, FG = GD
= % We now use the Pythagorean Theorem O

Vi, ¥ A ' B F G
onright AAGD: 2+ 5- )2+ (5-)¥= ADZ
This gives 4 +2‘\E + %+ %-: AD?. This gives AD = \15 + 2\!5,30 a=3, b=c=2. Answer: 9.

FO8J5. Letx="Yatb, This gives x2 = a +b. The first equation becomes x” + x = 20 which has roots

x =-5and 4{Obviously x cannot be nepative so x =4, Since a+b = 2, wc{aw: a+ b= 16. We now have

a+b =16 . _ a* +2ab + b* =256
a4 b2z 130 2 Squaring the first equation gives | .2 . p2 = 130

Subtracting gives 2ab = 126 sd that ab = 63. Answer: 256

the system:

F98J6. In order ta count systematically, first count the smallest triangles. There are 12 of them. The
next sized triangle has two small segments on a side, There are 6 of them. The biggest triangles consist of
three small segments on a side and there are two of them. All together there are 20 wiangles.

Answer: 20

Dlesse snott: Comcepits wied Today will be sepeated Laten s yean.



New York City
Interscholastic
Mathematics League

Solutions
FO98J7. Letx=Jack's average speed coming home. The average speed on a round trip, following the
same route is the harmonic mean of the two speeds. This gives the equaton lz_l =30. = ,l‘f'—:a- = 30,
ot
which gives x = 20 ) Answer: 20

F98J)8. Letx2 — x — N = (x-a){x+b), where a and b are integers. Note that lai and lbf must be
consecutive integers with lal > [bl and N = ab. The follawing table lists all possibilities for a and b.

a 2 3 4 5 6 7 8 9 10
b 1 2 3 4 | 5 6 7 8 9

ab | 2 6 12 | 20 [ 30 | 42 | 36 | 72 | Y9
If 2 > 10, ab will not be a two digit number, Thus there are 7 possible values of N. Answer: 7

F98J9. Letx = the length of each edge of the cube, Since ABGF is an isosceles right tiangle, BF =
xV/2. Thus the area of ABFC is 2x2Y/2. This gives the equation $x2V2 = 32V2. This gives x=8 and the
surface area of the cube is 6426 = 384, Answer: 384

F98J10. Inthe diagram on the right, we B
show the medians meeting at point R. The
medians of a triangle meet at a point 31 the
distance from a vertex 1o midpoint of the
opposite side. This means that AR = 12. The
arez of AAQB = %-14'12 = 84. Since a
median cuts a triangle into two triangies of

equal area, then the area of AQBC i3 also 84.
Thus, the area of AABC is 168.

Answerl: 168 \ C

FO8J11. v+ xy?+x+y=104 = xy(x+y) +x+y=104 = 12(x+y) +x+y=104

This means that 13(x+y) = 104 and x+y = 8. This gives (x+y)2 = 64 = x* +2xy + y? = 64 s0 thal
2 424+ y2 =64 3 x2 4 y2 =40 Answer: 40

F98J12. First count the smallest triangles. There are 16 of them. Now count the iriangles two unils

on a side. There are 6 of them. There are 3 triangtes, three units on a side and one triangle four units on a

side. Thus there are 26 triangles all together. The ones containing three shaded triangles have three units on

a side. Thus the probability of choosing such a triangle is = Answer: 23_6



New York City
Interscholastic
Mathematics League

Solutions

F98J13. The given information yields two equations, one for the total number of coins and one for
d+q=120
the total value of the coins (in cents): '{lDd +q25q ~13g0. =¥ d=8andq=12. Answer: (8,i2)

F98J14. To simplify the problem, change the number of
subdivisions 1o a more mansgeable number. The first diagram on
the right shows three subdivisions on a side. The result is 9
triangles. The second diagram shows four subdivisions on a side
giving 16 triangles. For n subdivisions on a side, there will be n2
disjoint triangles formed. Answer: 10,000

F98J15. The areaof equilateral MBC:%ﬁ= Q\E The area
23

of equilateral ADBE =212 = V3. The area of the quadsilateralis
the difference of these two areas. Answer: E‘\(ST

F98J16. Let x=1Jack’s average speed coming home and x + 20=
his average speed going to work. The average speed on a round

trip, following the same route is the harmonic mean of the two

2
speeds. This gives the equation 220 375 oy Z =75

= 2x2 + 40x = 75x +750 =» (2x +25 )(x-30) = 0. Thus
=30mph. Answer: 30

F98J 17_. There are several approaches to this problem. The
easiest approach is to do the zeverse. Instead of finding the shaded
area, find the non- shaded area. Then subtract this result from the
area of the square. The area of the square is 6002 = 360,000 The
non-shaded region consists of four isosceles right triangles. Since
the hypotenuse of each of these triangles is 400, each sides has

length 2002, Thus the area of each triangle is J200V2)+200Y2)
= 40,000. The total non-shaded area is therefore 160,000,

Subtracting this from the area of the square gives 200,000 square
units, the shaded area. Answer: 200,000

F98J18. There are several solutions to this problem. A
non- trigonometric solution is to:
» Extend AD its own length to poiat F. This means that ACFE
is a parallelogram since its diagonals bisect each other.
»Connect FB. This creates ripht AFEB a AACD. Note that
£.AFB is aright angle.
«Circumsceibe a circle about AABC. The circle will also pass
through F since ZAFB is a right angle which must be inscribed
in a semi-circle with AB as diameter.
«Note that mZ CFA = c¢ because it intercepts the same arc as
£ABC. Since AEFC is a parallelogram, mZFAE must = c.
mZDFE = a. Thus in AAFE, the sum of the three angle
measures is 180: a + (b+80) + ¢ =180 = a+b+c=
Answer: 90




January 24, 1999

Dear Math Team Coach,

Enclosed is your copy of the Fall, 1998 NYCIML contests that you requested on
the application form.

The following questions had different answers than the given one or were eliminated from the competitions.

: Question Correct answer
Senior A FO8SS5 67
F9889 It should have read "Compute all real x"
Junior F98J12 was eliminated It should have read “exactly 3 shaded small triangles”
- The resulting triangles includes the original triangle.
Answer: 4/27
Fog8J14 2500

Have a greal spring term!
Sincerely yours,
Richard Geller

Secretary, NYCIML
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