NEw York Crty INTERSCHOLASTIC MATH LEAGUE

SeEniOR A Division Contest NumMBER ONE
Part I SPriNG, 1998 Contesr 1 TmE: 10 Mivutes
S9851  If my daughter will be » years old in the year »*, in what year was she born?

59852  The lengths of the legs of a right triangle are 7z and #. Express the length of the altitude
to the hypotenuse in simplest form, in terms of 77 and ».

Parr II SprivG, 1998 Conrest 1 Tmme: 10 Mivures

398583  Theroots of X’ —Sx*+ 7x~9=0 are q, b, and c. The roots of X-pl+gx—r=0 are
a+b,b+c andce+ a Compute p.

S98S4  There are two times between 4 o'clock and 5 o'clock when the hands of a twelve-hour
analogue (traditional) clock form an angle of exactly 60°. To the nearest second, compute
either time.

Part T Serive, 1998 Conrest 1 Tmee: 10 MinvuTES

S98S5  Giventhree consecutive odd positive integers greater than 10 such that the first integer is
divisible by 3, the second integer is divisible by 5 and the third is divisible by 7
Compute the smallest possible valtue of the first integer.

S9886  In AABC, points P, Q, and R lie in sides AB, BC, and CA respectively so that AP:PB =
BQ:QC = CR:RA =3:7. Compute the ratio of the areas of APQR to AABC.

AxswErs:  S98S1 1980

59852 mn ! (m* + r2)s or mn{m?+n®y: f (m® + n?)
S9853 10

59854 4:10:55 or 4:32:44

S98S5 213

S98Sé6 37:100



NEw York Ciry INTERSCHOLASTIC MATH LEAGUE

SENIOR A Division Contest NumBeEr Two
Part I SerivG, 1998 ContesT 2 Tive: 10 MinuTES
S98S7  Inthis question, *PQR* is defined as a three-digit integer whose nonzero digitsare P, Q,

and R. Compute the value of (*ABC*+ *ACB*+ *BAC* + *BCA*+ *CAB*+ *CBA*)
+{4+B+0).

59838  Compute the area of the region bounded by the graph of [4x—12| + By -12) = 24.
Part I Seaive, 1998 Cowrest 2 Tde: 10 Mivures
89859  Compute the sum of all the coefficients in the expansion of
(11a%bc — 7ab*c - 5abc?)™
S98510  The roots of x*—&x*+7x~9=0 are a, b, and ¢. The roots of x° — p*+qr—r=0 are
a+b,b+cande+a Computeq.
Parr T SerinG, 1998 Conresr 2 I'me: 10 Mivures
S98S11 A straight line makes an angle of 60° with the x-axis. Iis x-intercept is 8, its y-intercept
is negative and its equation is of the form y =mx + k. Compute the ordered pair {m, k).
898512 The first four terms of any arithmetic progression is represented by a, a + d, a + 2d, and
a~3d. Compute & in simplest terms of a and/or d, so that the following expression is the
square of a polynomial:
(x+a)x+a+dfx+a+2d)x+a+3d) + &
ANSWERS: §9857 222
89858 96
S9859 -1
S98510 2

$98S11 (3, - 843)
98512 k=g



NEw York City INTERSCHOLASTIC MATH LEAGUE

SENIOR A DIvisION ICONTEST NUMBER THREE
Parr1 SprrinG, 1998 Contest 3 Tme: 10 Mivotes
598513 Maria must drive a certain distance in a certain time. If she drives at an average rate of

598Si4

48 miles per hour, she will arrive 7% minutes early. If she drives at an average rate of 42
miles per hour, she will arrive 10 minutes late. Compute the number of minutes she
needs to arrive exactly on time.

Compute all three pairs of natural numbers whose squares differ by 200.

Part I¥

S98S15

S598516

Serivg, 1998 ConTEST 3 ' Tme: 10 Minures

Compute the unit’s digit in the expansion of (11%% + 919% . 91956 . gises)!ss%

Given: arctan x + arctan y = arctan (x - y) for all values of x. If y # 0, express y in
simplest form, in terms of x.

Parr ¥

598517

398518

SperivG, 1998 Conrest 3 TmEe: 10 Mivures

Compute all real values of x between 0 and 2r that satisfy [log (4x — 10)]#*#*+2 = 1.

Compute both real values of x for which (2x + 5) % - 2x—5)'% =1.

ANSWERS:

S98813 130
598514 (51,49),(27,23),(15,5) [Form not required}
S98S15 9

598516 y=(x*+2)/x
S98817 5, T8, 113/
$98S18 +13



NEw York Ciry INTERSCHOLASTIC MATH LEAGUE

SENIOR A Drivision Contest NumBer Four
Parr ] Serivg, 1998 Conrest 4 Twe: 10 Mivvres
S98S19  Given 329 = 16"+ 820 0 43n e 2% o |5 = (24, Compute n.

S98520 What is the largest integer that leaves the same remainder upon dividing 1414, 1023, and
7247

Parr I Serive, 1998 ConTEST 4 Tme: 10 Mivures

S98S21 Janet has 100 socks of each color: red, white, blue, black, and shocking pink. She selects
socks blindly one at a time and does not replace them. What is the minimum number of
socks she must select in order to be certain that she has 12 pairs (a pair is two socks of
the same color) without ever looking at them?

598822 A circle is inscribed in AABC so that the circle is tangent to side AB at P, side BC at Q
and side CA atR. IfmZA =xand m£B =y, express m£QPR in simplest form, in terms
ofxandy.

Parr IIT Serive, 1998 Conrest 4 Trve: 10 Mivores

598523 Compute the irrational roots of:

{(x*-5x+6) — 5(x*-5x+6) + 6 =0.
99
$98824 Compute "Z_",I tan (0.01nm — 0.5m).
ANSWERS: S98S19 Y
598520 23
S$98S521 28
598822 X + y)

$98523 V(S + V13)
$98524 0



NeEw York Crry INTERSCHOLASTIC MATH LEAGUE

SentOR A Drvision ContesT NumBER Five
Parrl SerivG, 1998 CoNrEsT S - Tmme: 10 Mivures
598525 Almond Joyner needs 24 seconds to run 2 complete circuit of a circular track. Kelly

598526

Greene runs in the opposite direction and passes her in 15 seconds. Each girl maintains
a constant pace, and both girls start at the same time and place. How many seconds does
Kelly need to run one complete circuit of the track?

If ¢={(a+ biy’ - 47{ where a, b, and ¢ are each positive integers and #=- 1, compute the
value of ¢.

ParT I

598827

898528

Smmé, 1998 CONTEST 5 Te: 10 Minores

Each of five natural numbers less than 100 have exactly 12 factors. Three of them are
60, 72, and 96. What are the other two natural numbers?

A straight ling has a y-intercept of 2 and an x-intercept of b. The origin is reflected over
this line. Express the coordinates of the image of the origin in simplest form, in terms of
a and b.

ParT I

598829

S98S30

SrerivG, 1998 CoNzEST § - Tive: 10 Mivures
If log (@a—'/;) =loga +1log'/, wherea#0, compute a.
The legs of a right triangle are 3 and 4, Two circles each are tangent to one leg, the

hypotenuse and each other. If their radii are in a ratio of 1:4 and the smaller circle is
tangent to the smallest side of the triangle, compute the radius of the smaller circle.

ANSWERS:

S98825 40

$98826 52

598827 90, 84

S98S528 (Za‘b AIL)
F+b @b

S98529 Y 1+45)

898330 Shs




NEw York City INTERSCHOLASTIC MATH LEAGUE
SExtOR A DIivision ConTesT NUMBER ONE
e ———___________________e———m——aa—— e
_—— F e

SorLvrions

89851  Answer: 1980 The only perfect squares near the year 1998 are 1936, 2025, and 2116.
Reject 1936 (not a future year). Then the birth years are 2025 — 45 = 1980 and 2116 — 46
=2070. Reject 2070: my daughter already was bom.

S98S2  Answer: mnj(n® + n*)*or equivalent The hypotenuse is (m?+ n?)* If A is the length of
the altitude to the hypotenuse, then the area of the triangle = Vah(m* + n?)* = Yamn. Then
solve for A,

S98S3  Amswer: 10 Firstnotethata+b+c=35,ab+bc+ca=7and abc=9.
p=(a+b) + (b+c) + (c+a)
=2(a+b+c¢)
=2(5)
=10.

59854  Amswer: 4:10:55 or 4:32:44  First note that the hour hand leads the minute hand by
exactly 60° 11 times in 12 hours, Therefore this position occurs every 1 hour and 60 +11
minutes = every 1:05%, = 1:05:27%,,. Starting at the simplest time, 2:00, the next such
times are 3:05:27 and 4:10:55.

When the minute hand leads the hour hand by 60°, the same reasoning holds. The
simplest time is 10:00, and 6 intervals of 1:05:27%,, = 10:00 + 6:30:162'%,, =
4:32:4537%,,.

S98S5  Answer: 213  If the first COI = a, then 3ja (“3 divides a) implies that 3)(a — 3). The
second COl=a + 2, so 5(a + 2) implies that 5{a + 2 - 5), or S{{(a— 3). The third COI =
a+4,s07(a+ 4)implies that 7j(a + 4 — 7). or 7|(a — 3). Since a— 3 is divisible by 3, 5,
and 7, it is a multiple of 105, their LCM. Ifa — 3 = 105, then the COI are 108, 110, 112,
which are not odd. Thus a—- 3 =2(105)= 210, and the COlI are 213, 215, 217.

S9856  Answer: 37:106 METHOD 1: Let AB=c¢, AC=5, AP=03c,and AR=0.75. Then
the areas of AAPR and AABC are in the ratio [Y%(0.3¢)(0.7b)sin A} : [z cb sin A] =0.21.
Stmilarly, the ratios of the areas of ABPQ and ACQR to AABC are also each 0.21. Thus,
the ratio of the area of APQR to AABC is.1 — 3(0.21) = 37:100.
METHOD 2: With no loss of generality, let the triangle be equilateral with sides of
length 10.Then proceed as in method 1.



NEw Yorx City INTERSCHOLASTIC MATH LEAGUE

SENIOR A DIvision ContesT NumBER Two
- SoLurtions
S9887  Answer: 222 ABC=100A + 10B+C

59858

S98S9

S98510

S98511

S98S12

ACB=100A+10C+B
BAC=100B+10A+C
BCA=100B+10C + A
CAB=100C+ 10A+B
CBA=100C+ 10B+ A
Sum =200(A + B + C)+20(A + B+ C) +2(A+ B +C)
=222%A +B +C)
Divide by (A + B + C) to obtain 222 regardless of the values of A, B, or C.

Answer: 96 The graph is a rhombus whose diagonals are parallel to the axes. To find
the length of the horizontal axis, let |3y — 12| = 0: then 0 < 4x — 12| < 24. This implies
that -3 <x <9, so that one diagonal has a length of 12. To find the length of the vertical
axis, let j4x — 12/ =0: then 0 < |3y — 12{ < 24. This implies that — 4 < ¥< 12, so that the
other diagonal has a length of 16. Then the area of the rhombus = Yad d, = %(12)(16) =
96.

Answer: -1 Since we are interested only in the coefficients, leta=b=c=1. Then
(11-7-5¥®"=(-1)®=_1,
Answer: 32 Firstnotethata+b+c¢=35,ab+bc+ca=7andabc=9.
Also note that (a + b+ ¢y = a?+ b + ¢*+ 2(ab + bc + ca)
g =(@@+bXb+c) + (b+c)c+a) + (c+a)atb)
= a*+Db*+c*+ 3(ab+ be + ca)
=(a+b+c)+(ab+bec+ca)
=(5¢+7
=32,
Answer: (\3,~ 815) Note that if the upper right hand angle formed by the line and the
x-axis is ©, then tan 8 =m, where m is the slope of the line. Theny—0=3 (x—8). Thus
y=xv3 - 83,

Answer: d* There are several clever ways to solve this. One is as follows:
(x+a)x+a+td(x+a+2d)(x+a+3d) + &
[(x+a)x+a+3d)][(x+a+d)(x+a+2d)] + &
[(x+ay+3dx+a)] [(x+a)+3dx+a)+2d°] + &

= [ ¥ 1y F2d ] +k

= y+2dy+k

Then (y + d%)* requires £ = d*. The polynomial is [(x + a)* + 3d{x + a) + &]*




NeEw York Crry INTERSCHOLASTIC MATH LEAGUE
SENIOR A Division . ContEsT NUMBER THREE

%
SorLurIions

S98S13  Answer: 130 7.5 minutes = '/; hour and 10 minutes = s hour. Distance = I_{KT =
48(¢ - '/3) = 42(¢ + '/s) where 1 is the required time in hours. ¢ = '3/, hours = [30 minutes.

S98514  Answer: (51,49).(27,23),(15,5 For the squares x? and y2, x* — y* = 200. Thus
(X~ ¥)x +y)= 12200 = 24100 = 4450 = 5+40 = 8425 =10=20. Let x — y = the first factor,
x +y = the second factor and solve for (x,y). Since factors of opposite parity produce
non-integral solutions, only 2+100, 450, and 10420 will produce integral solations.

S98515 Amswer: 9 Raise each number to the 2nd, 3rd, 4th, etc. power and look for a pattern in
the unit's digit: 1'™¥endsin 1,9 ends in 1, and 8'**® ends in 4. Then (1+1+1+4)98
=798 ends in 9.

598816 Answer: y=(x*+2)/x LetA =arctan xand B =arctany. Then A+B =arc tan (x-y).
~tan (A+B)=x -~y Expand: (tan A + tan B)/ (1 - tan A tan B) = x-v. Now substitute:
(x+y)/ (1 —xy)=x—y. Solvingyieldsy=(x*+2)/x.

S98S17 Answer: S, /s, "/ Three cases induce a value of 1:
[1} (Any value)®; [2] 12 =be; [3] (= 1)menvalee,
[1]4sinx+2=0. Thus x =", "%/ both of which are between 0 and 27.
[2] Log (4x - 10) = 1. Thus 4x — 10 = 10, so that x = 5, which is between 0 and 2.
[3] Log (4x - 10)=~ 1. Thus4x - 10=0.1, so that x=2.525. Reject: 4 sin x+ 2 is not
even.

S98S18  Answer: +\13 LetA= (2x + 5}._,3 and B =(2x — 5):.-3_

ThenA-B=1

Cube both sides: A®—-3A’B+ 3AB*-B*=1

Regroup: A-B-3ABA-B)=1

Substitute: AP-B-3AB( I )=1 ; "

Thus (2x+5)-(2x-5)-3[(2x+5)* (2x-5)"?1=1
10 - 3(4x* - 25)9=1
(4x2 - 25)3 =3,

Cube both sides: x*=13.



NEw York Cirty INTERSCHOLASTIC MATH LEAGUE

SENIOR A DIvisioN ConTEST NUuMBER Four
SoLuTIioNs
SU8SI9  Adnswer: ¥a 32%e 16« 820430290 I3 = ] «(29)10 (2P« (22 e (2Y e | = 210

S98520

S98521

558522

S98523

S98524

2070 260 4 201 4 28 = Qin<bnvbandm P20 =20 Then20n=10son="%

Answer: 23 {Euclidean Algorithm) Let » = the required number, and represent 1414
asan + rand 1023 as bn + r. Then 1414 - 1023 = (an+r)—(bn+r),s0 391 = (a - b)n,
which implies that #|391. Likewise, 1023 —~ 724 = 299, which also is divisible by ».
Then: #l(391 — 299) implies #{92, and #|(299 — 92 — 92 — 92) implies #|23. Since 23[92,
then n2=23. [LEMMA: If A =B{modm), then m{(A - B)]

Note: 23|92, 23]299, and 23[391; and 23 leaves the same remainder upon dividing
1414, 1023, and 724.

Answer: 28 METHOD 1: Suppose Janet has selected exactly 11 pairs (22 socks).
She can then select 5 single socks, one of each color. The next sock she draws, the 28th,
will force the twelfth pair.

METHOD 2: Try simpler cases. If she wants one pair, she needs to select & socks to
guarantee ! match. If she wants two pairs, she needs to select 8 socks to guarantee 2
matches. If she wants three pairs, she needs to select 10 socks to guarantee ¥ matcheg [f
she wants four pairs, she needs to select 12 socks to guarantee ﬁ'matche, Each new pair
requires two more selections. Thus to create 12 ~ 4 = eight more pairs, she needs to
select 16 more socks. The total is 12 + 16 = 28 socks.

Answer: ¥i(x +v) Draw APQR. If the measures of the angles of this triangle are P, Q,
and R respectively, then arc PQ contains 2R degrees, arc QR contains 2P degrees, and
arc RP contains 2Q degrees. Then use the angle-arc formula for two tangents:
x=14(2P+2R-2Q)=P-Q+R.
y=%2P+2Q-2R)=P+ Q-R,
X+y= 2P

Answer; %(Sﬂ:@) Letz=x*-5x+6. Thenz*~-5z+6=0,s0z=3or2.
If x* — 3x + 6 =2, then x is rational (1 or 4).
If x* — 5% + 6 = 3, then x is irrational. Use the quadratic formula.

Answer: 8 METHOD 1: Graph the tangent function y = tan x. The domain varies
from just over — ¥%m to just under + %em, It is symmetrical about the origin. For every
point left of the y-axis there is a corresponding point on the right and conversely. The
sum of each of the 49 corresponding pairs of values of y is 0. Also, forn=50,tan0=0.
Then the sum of 50 zeroes is zero.

METHOD 2: For n = 50, tan 0 = 0. Pair values as follows: For n=1and 99,
tan (—.49x) + tan ((49n) = — tan (.49n) + tan (49x) = 0. Likewise, forn=2and n =98,
tan (—.487) + tan 48x =0, ... Again, the sum of 50 zeroes is zero.



NEw Yorx City INTERSCHOLASTIC MATH LEAGUE
SENIOR A Division ContesT NumBer Five

_i%
SorLvrions

S98S25 Answer: 40 Draw a circular track. The GCF of 15 and 24 is 3, so assume Almond
covers a circuit in 8 segments of 3 seconds each. She mests Kelly after 15 seconds
(5 segments), so Kelly must cover 3 segments in her 15 seconds. Thus one segment
takes 5 seconds and all 8 segments require 40 seconds.

S98S26 Answer: 52 c¢=a’+ 3ahi— 3ab?— b’ —47i. Since ¢ is an integer, 3a%bi - b% - 47i=0.
Then 3a%b - b - 47 =0, which implies that b(3a? - b*) =47. Since bisan integer, either
b=1orb=47 Ifb=47, then3a?-2209=1. Reject —a is not integral. Ifb= 1, then
3a*—1=47,sothata =+ 4. Accept the positive integer 4. Then ¢ =2 - 3ab* =32,

S98827 Answer: 84,90 Letp,q,r .. .be prime numbers: If N =p°q®¢ . . . then N has
{(a+1Xb+1)(ctl) . .. different factors. Since 12 = 1x12 = 2x6 = 3x4 = 3x2 X2, examine 2",
P31 =06, 25x57, P3x32 =72, 22x33, Vx5, 22x3x§! = 60, 2'x32x5! =90, 22x3'x 71 =84,

S98S28 Answer: (2a%bi(a’+ b?) , 2ab¥(a? + b?) )} METHOD 1: The segment joining the
origin to its image is perpendicular to the given graph. Let the line and the segment
intersect at (x,y). Then the coordinates of the image are (2x,2y). A y-intercept of a and
an x-intercept of b determines a line whose equation is ax + by =ab. A line perpendicular
to the given line that contains the origin has an equation of bx—ay =0. Solve this system
of equations to find the (x, v). Then double each coordinate to find (2x,2y).
METHOD 2: In quadrant I the diagram is a right triangle with an altitude to the
hypotenuse. The foot of the altitude is (x,y) and the lengths of the legs are a and b. Use
the Leg Proportional to find the segments of the hypotenuse: a2/ (a*b?)*and b?/ (a*+b?)*.
Use the Altitude Proportional to find the altitude: ab/(a%+b?%. Then dropa perpendicular
from (x,y) to the x-axis. Repeat the Leg and Altitude Proportionals in this smaller right
triangle to find (x,y). Remember to double each coordinate,

S98829  Answer: Vi(1+V5) Since loga+log'a = log(a+'a) = log 1, log(a—"2) = log 1

Pa-'a=1= a-a-1=0>a= %(12¥5). Rejecta="'%(1 — ¥5) because log
a exists only for a > 0,

S985330  Answer: “s Bisect the larger acute angle. The bisector passes through the center of the
smaller circle and also divides side 4 in a 3:5 ratio, that is, 1.5 and 2.5. Then draw the
radius of the small circle perpendicular to leg 3 to form a right triangle similar to the
triangle whose legs are 1.5 and 3. Thus, for a radius of length », the segment of leg 3
between the point of tangency and the acute angle has length 2r. Therefore, the distance
along the hypotenuse from that vertex to the other point of tangency is also 2r.

Likewise, the distance along the hypotenuse from the vertex of the smaller acute
angle to the point of tangency is 127.

Next, join the centers (length 5r), draw both radii perpendicular to the hypotenuse,
and drop a perpendicular from the center of the smaller circle to the longer radius. The
length of this perpendicular is 4r.

Finailly 2r + 12r + 47 = 5 so that 7 = 3.



June 3, 1998
Dear Math Team Coach,

Enclosed is your copy of the Spring, 1998 NYCIML contests that you requested on
the application form,

The following questions had different answers than the given one or were eliminated from the
competitions. :

Question Correct answer
Senior A $9881 n2 - n or any number of that form > 0 was accepted
Junior So8J11 was eliminated. The problem should have

read "Compute X - y"
Have a great summer!
MATHIS #1
Sincerely yours,

Richard Geller

Secretary, NYCIML
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