NEW YORK CITY INTERSCHOLASTIC MATH LEAGUE
SENIOR A DIVISION CONTEST NUMBER ONE

PARTI | TIME: 10 MINUTES SPRING 1997

S97S1 The length, width énd height of a rectangnlar solid ave in the ratio of 4:6:9 respectively. If the
volume of the solid is 6,000, compute the volume of the sphere inscribed in a cube whose edge is
equal to the width of the rectangular solid.

S9752 Two numbers, x and y, areinserted between v 5 and Vv 1 8 1 such that the first three numbers forma
geometric progression while the last three numbers form an arithmetic progression. Compute the
sum of all possible values of k.

PARTII TIME: 10 MINUTES _ ~ SPRING 1997

S9783  Legend hasii that if Newton and Lisbnitz had worked together, they would have discovered all the
calculus completely in 30 years. However, if they had only worked together for 18 years, it would
have taken Newton an additional 20 years to finish. Compute the number of years this legend
suggests that it would have taken Liebnitz to discover ail the calculus by himself?

S9784 A square is constructed on one side of a regular hexagon and a regular octagon is constructed on the parallel
opposite side of the hexagon. The perimeter of the figure containing the square, hexagon and octagon 1s
392 . If the distance from the center of the square to the center of the octagon can be expressed as
a+5by2 +¢f3, write atbrcin simplest form.

PART III TIME: 10 MINUTES SPRING 1997

3 2 N
39785 Iflog b” =cand log a”™ = d, compute, in simplest form with no logarithms, the value of cd.

S97S6  Compute the number of distinct positive integers such that the sum of its not necessarily distinct
prime {actors is 14.

ANSWERS
$97S1 _ 1000x
so752 Vs5/2
59783 75
$9784  24V2
S97S5 6

59756 10



PARTI

S9757

NEW YORK CITY INTERSCHOLASTIC MATH LEAGUE
SENIOR A DIVISION CONTEST NUMBER TWO

TIME: 10 MINUTES SPRING 1997

Compute N, if N is a 3 digit base ten number whose middle digit is 0 and when N is divided by 11, the
quotient is equal to the sum of the squares of the digjts of N and the remainder is 0.

S97S8 A right regular hexagonal prism (2 congruent regular hexagonal bases and ¢ congruent rectangular lateral
sides perpendicular to the bases) is such that a side of the base is J1997. Compute the difference of the
squares of the two different length intemnal space diagonals.

PARTII TIME: 10 MINUTES SPRING 1997

$97S9  In quadrilateral ABCD, M and N are the midpoints of AD and BC, repsectively. I'MN and BD bisect each
other at point P and AP = 3, compute AP+PC.

S97S10  The sum of two of the roots of 4x° + 12x* = 67x + K=01s 3. Compute the value of K.

PART III TIME: 10 MINUTES SPRING 1997

S97S11 If one simply guesses, the product of the probabilities of getting this question right and of getting this
question wrong is 6/25. If the probability that 3 or more of the five team members will get the problem nght
when all guess is K/3125, compute the maximum vahue of K.

$S97S12  LetT be the repeating decimal (less than 1} formed by the digits of n.

! -
For example, 17 =.17171717...Compute the positive integer n for which 77

ANSWERS

S67S87 803

S9788 1997

S9789 6

S97810 30

S97811 2133

S97S12 4



NEW YORK CITY INTERSCHOLASTIC MATH LEAGUE
SENIOR A DIVISION CONTEST NUMBER THREE

PARTI TIME: 10 MINUTES SPRING 1997

S97S13 Compute the sum of the products of the coordinates of all ordered pairs (x,y) formed from the
elements of {a,b,c} wherea+b+c=1.

S97514 Within regular hexagon ABCDETF, there is a point P exacty 1 unit from A, ¥V 13 unils
from Band F,V 3 7 units from Cand E, and 7 units from D. Compute the perimeter of the hexagon.

PART IIL TIME: 10 MINUTES SPRING 1997

S97S15 Inbase b, the first term of an arithmetic progression is 121 and the second term is 232. Compute
the value of b, if the 100" term of the progression is 44410,

597516 Four sequences {a_}, {b }, {c }, and {d } are defmed as follows for n = 3:
_an=n3+4n2+n—6
b =n’+20°-5n-6
cn=113+6n2+ l1lIn+6
d =n’-Tn+6

Byg97 D
Compute —2 137

€y997 T 1907

PART IIT TIME: 10 MINUTES - SPRING 1997

S97517 The final exams in the Math Department at Mathzfun High School always start between 8am and
9am and exactly at the moment when the minute and hour hands on the clock are coincident.
Students have at most four hours to complete the exam, but can only hand in the exam when the
hands are again coincident. Compute the exact maximum number of minutes the students actually
have for the exam. Express your answer as a mixed number in simplest form.

S97S18 Compute the following for x = x/9:

logeos2x - log (1 4 sin2x)
log {(cotx + 1) - leg{cotx - 1)

ANSWERS
S97S13 1 $97S15 5 S97S17 196 4/11
S97S14 24 S97S16 1 $97818 -1



NEW YORK CITY INTERSCHOLASTIC MATH LEAGUE
SENICR A DIVISION CONTEST NUMBER FOUR

PARTI TIME: 10 MINUTES SPRING 1597

S97S19 A square of side 3 is within right triangle ABC such that 2 sides of the square are coincident with the legs of
- the triangle and the hypotenuse of the triangle contains a vertex of the square. Compute the sum of the
lengths of the legs of the triangle, if the length of hypotenuse AB is +/135.

S97520 Let x be the non-zero x-coordinate of a point of intersection of y = «* + 1 and y= R+
Compute the exact numerical value of

[x]11 - [:c]8 - [x]3 + 1 where [x]'is the greatest integer Iess than or equal to x.

PARTII ' | TIME: 10 MINUTES SPRING 1997

$97821 1 1 ,
Ifxy=7and -J-C—z—+:v—1= 9, compute the value of (x+_]f')' :

. 597522 Write the smallest ordered pair of consecutive positive integers (a,b)
such that a is divisible by 25 and b is divisible by 36,

PART III TIME: 10 MINUTES SPRING 1997

S97823 The sum of the roots of 2x + 3—"; = 3 1s thres times the dilference of the roots.

Compute the value of k.

S97524 One side of one of a pair of ordinary dice is altered so that two sides of the die are identical. The.
other dieis unchanged. After thisalteration, only the probability of rolling a sum of ten is reduced.
Compute the number of dots on one of the identical sitlzs of the altered die.

ANSWERS
$97819 15
$97820 0
$97S21 433
§97522 (575,576)
$97523 3
$97524 3



NEW YORK CITY INTERSCHOLASTIC MATH LEAGUE
SENICR A DIVISION CONTEST NUMBER FIVE

PARTI TIME: 10 MINUTES SPRING 1997

S57S25 In AABC aItltude CD is drawn to AB. Circle O with area 37: 1s inscribed in AADC and Clrcle P
with area Sn is inscribed in ABDC. Compute the lenglh of the line of centers, OP

S97526 Compﬁte the value of tan(3°}tan(15%)tan(25°)tan{35°)...tan(335%)tan(345%)tan(355°)

PARTIL ' ' TIME: 10 MINUTES SPRING 1997

$97827 A iriangle whose perimeter is © */2¢misin the interior of a closed region R. The boundary of R is
exactly & cm from any point on the triangle. Write, in terms of n and in smlplest form, the area of
the portion of R that is exterior to the iriangle.

S97828 . The quadratic equations x> ~1lx + p =0 and 2+ 11x - q =0 have exactly one 1nteger root in
' common. Ifpand q are positive integers between 10 anc. 100 and the digits of p are in the reverse
order as the digits of ¢, compute the numerical value of p.

PART IIT TIME: 10 MINUTES SPRING 1997

S97529 Compute the probabﬂlty of picking, at random, anmteger between 100 and 1000 that is amultlp]e
of 2, 3 and 11 and having no perfect cube divisors.

S97S30 1.t N be the smallest integer such that N/4= Q where © >an found by removing the leftmost digit
of N and placing it after its rightmost digit. Compute 11e number of digits of N.

ANSWERS
S97525 4w
597826 1

$97527 3x/2
597528 - 24

$97529 10/899
$97S30 6



NEW YORK CITY INTERSCHOLASTIC MATH LEAGUE
SPRING 1997 SENIOR A DIVISION CONTEST NUMBER ONE
SOLUTIONS® '
59751

Let the length, width and height of the solid respectively be 4x, 6x and 9x. The sphere inscribed in a cube with edgelength 6x has

a radius of 3x and its volume is (4!3)::{3::)3 = 36mx°. The volume of the rectangnlar solid is §+36x° = 6000. Therefore, the volume
of the sphere is 1060,

$9752
Th isfy x2 = 95 isy y=(x +¥180)/ senti i
e first three terms must satisfy x* = yV¥ 5 and the last three terms must satisy y = (x + ¥ 1 8 0)/2. Substituting for y into the first

equation and simplifying gives the quadratic equation 2x° - x\G - 30 = 0 whose roots are the two possible values forx. Thesum

isVs/2.

S9783

Let M and L be the number of years thal Newton and Liebnitz take to complete the job, respectively. The two situations give the
following: '

4+

':? =land13(l+-}:]+39=1

30 N N

(I B

Substituting into the second equation gives + 2—3 =1 N=350andL =75,

- Sls.

S9754
There are 14 congruent exterior sides to the figure. Let s be thelength of a side. Thérefore, 14s =¥392 ands= E The portion

of the line of centers within the square is &"2, the portion within the hexagon is S\G,
and the portion within the octagon is s(\@ + l)!( 2.

Thesumis(V2/2)(1 +2¥3 +V2 +1) =2/ + 203 +¥2)
=1+ \E-i- \5‘5

|

A T A= 1T+ 1 L4 —_ " Un
T o4 T AT -l T Vi

b

9 .
]‘U]h.n

89785
]anl:n3 =¢and 1~::gh'r3,2 =d

impliesthat ¢ = 3]—09£ and d= 2—'993- . Therefore, cd = 6.
loga log b )

$97586

Let N be an integer satisfying the condition. Then, N = 2*355%711° (W cannot have a factor of 13 or higher if the sum of the prime
factorsmust be 14.) The condition is that 2a + 3b + 5c + 7d + 1le = 14 for a,b,c,dand e > 0 and the problem is the same as finding
the number of ways 14 can be expressed as a sum of primes less than or equal o 11,

Listing the possibilities starting with 11 makes the sitvation clear:

With a summand of 11, there is only 1 result, 11 + 3;

Without 11, but with 2 summand of 7, there are 3 results, 747, 7+2+5 and 7+242+3;

Without L1 and 7, but with a summand of 5, there are 3 results, $+5+2+2, 5+3+242+2 and 5+3+3+43;

Without 11,7 and S, but with a summand of 3, there are 2 results, 3+3+3+3+2 and 3+3+24+2+2+2;

and with only 2, there is 1 result, 2:+2+2+2+2+2+2. Hence, there are 10 possibilitics.



NEW YORK CITY INTERSCHOLASTIC MATH LEAGUE
SPRING 1997 SENIOR A DIVISION CONTEST NUMBER TWOQO -
SOLUTIONS
S§9757 :

Let N be the numeral aOb. Divisibility by 11 requires that a = 0 + b be divisible by 11. Therefore, N is among the following:
209, 308, 407, 506, 605, 704, 803 and 902,

Dividing each by 11, we have the respective quotients:

19, 28, 37, 46, 35, 64, 73 and 82,

803, giving 82+ 32 =73is the only number satisfying the condition.

S9758 '

Let the shorter spacediagonal have length x and the longer have length y. Alsolet the lateral side have length L. The shorter space

diagonal is the hypotenuse of the right triangle whose legs are the short diagonal of the base and the Jateral side. Therefore, =
2

EY3)y +1% = 3¢% + L? where s is 2 side of the base. The longer space diagonal is the hypotenuse of the right triangle whose legs are

the long diagonal of the base and a lateral side, Therefore, y* = (25)" + L"=4s” + L". The difference of the squares of the lengths

aulldalla Ul LA

=]
4]

f the space diagonals is y?' -3t =gt =1997.

9789
ginoe MN and BD bisect each other, quadrilateral MBMD is a parallelogram.
Therefore, MD // BN and MD = BN.

Furthermore, since M and N arce midpoints of AD and BC,
we have AD // BCand AD = BC giving us that ABCD is a parallelopram.

Therefore, AP+PC is a diagonal of the parallelagram with midpoint P
and its length must be 6.

S97510

lettherootsbea,bandewitha+b=3. Thesumoftherootsa+b+c= ~12/4 = -3 , givinge = =6.
ab + ac + be = ab + ofa+b) = -67/4, piving ab - 18 = ~67/4 or ab = 5/4.

-K/4is the product of the roots abe = -30/4, Therefore, K = 30,

597511 :
Let p be the probability of guessing correctly and q = 1 = p be tlie probability of guessing incorrectly. pg=p(l =p)=p- p2 =6/25

or .’«ESp2 - 25p + 6 = 0. Therefore, p= 2/5 or 3/5. The situation is a Beraoulli e_xperimcn_:tt and the answer is

1002704 + 50B81e2 + 10243 2133

3125 3125  LDUS

5C3p3q2 + 5 4p4q + scsps . The maxinmmm will occur for p= 3/ 5 producing
K =2133.

597512
I S

Clearly, n must be small since nl is very large compared to 43 for integers greater than 5. For single digits .onno... = 0/ 9. Therefore,

the equation becomes i(ﬁln-—n-)— - Y7 = 43 and n must be a perfect square. n = 4 is easily seen to satisfy the equation.



NEW YORK CITY INTERSCHOLASTIC MATH LEAGUE
SPRING {997 SENIOR A DIVISION CONTEST NUMBER THREE
SOLUTIONS
$975813
Since the pairs are ordered, the products are not necessarily unique in form. The possible productsare a%, b, &%, ah, ba, ac, ca, be
and cb. Thesuma> + b° + ¢* + 2ab + 2ac + Zhe = (a+b..+c)2= 1,

597514

Clearly, there are three pairs of congruent triangles formed with commeon vertex P. The sum of the vertex angles zround P is 360°
and, therefore, the sum of the three distinet angles is 180°, Therefare, points A, P and D are collinearand APD isa long diagonal
of the hexagon whose length, 8, is twice that of the side. Hence, a side of the hexagon is 4 and the perimeter is 24.

(An alternative solution involves using triangles APC and DPC with the Law of Cosines and realizing that the short diagonal is

sv’r?;- where s is the side of the regular hexagen,) ﬁ Y

IS, i

S97515
The constant dilference of the arithmetic progression is 111 in base b. Convering to base ten, the first tecm is b +2b+ 1, the
difference is b” + b + 1, and the 100" term is 4b* + 4b® + 4b% + b, Thus, 4b* + 46° + 4b? + b=b2 + 2b+ 1 + 99(b* + b +1) or

b* + b - 24b% = 25b ~ 25 = 0. Since we are looking for a positive integer b>1, we can turn to the Rational Root Theorem that tells
us that the only possible such positive integer bis 5. Checking 5 in the equation verifies that thisis the value of b.

S97S16

By inspection we find that 1 i1s a root of the cubic au and, therefore, 2  hasa factor n-1, Manipulating the terms ofa wecan factor
a  as follows: '
a, =n’+4n*+0-6

=n’ ~n*+5n* - 5n + 6n -6

=n%a - 1)+ Sn(n - 1) + 6(n - 1)

=n+n+N@-1)

Similarly, by inspection we find that =1 is a root of the cubic b, and, therefore, b has a factor n+1. Manipulating the terms of b
we have:

5 =n’+20°-50-6

=p’+n® +o’+n-6n-6
=+ D+nm+1)-6+1)
=@ +n-6@m+1)
=(+3)@a-2o+1)

In the same fashion, we find that n + .i is a factor ofcu.and n~=1isa factor of_dn giving
c,=n’+6n°+1ln+6=(a+ 1)(n+2) +3)and :

g, =n’-Ta+6=(@+3)m-2a-1)

The fraction anbn;" c,d, exists and simplifies to 1 foralla 2 3.

S97517

Since thereare 11 poihts at which the hands are coincident, they must be so atintervals of 60/ 11 minutes around the clock. The
actual times are, therefore, 1:05 5/11,2:10 10/11, 3:15 15/11, 4:20 20/11, etc. . The starting time for the finalis 8:40 40/11 or 8:43
2/11 and the actual ending time is before 12:43 7/11. The last possible time 0 hand in the exam is, therefore, (2 Noon. The



students have 3 hours and 16 4/11 minutes or 196 4/11 minutes to complete the exam.

S97S18
COSEX
log| —————
.. . N g[1+sin2x]
Using the laws of logarithms, the expression simplifies Lo
_ Iog( cotx + 1
T\ cotx -1
] . - cotx +1 . . COS52X
It ] that ———— isth al of ——————
is easily proven tha T is the reciprocal o T sin2x

Therefore, the log expression is equal to =1 for all x for which the expressions are defiued and the denominator is not zero and

ceriainly forx = /9.



NEW YORK CITY INTERSCHOLASTIC MATH LEAGUE
SPRING 1997 SENIOR A DIVISION CONTEST NUMBER FOUR
SOLUTIONS - ' '
597519

The square forms smaller triangles similar to AABC, Therefore, -3 _ .2 and 3(a+b) = ab.

b-3 b
Let x = a+b, we have =g + b2+ 2ab= 135+ 6xor x* = 6x - 135 = 0 which has a positive root of 15.

A b3 C
\___._____‘(_,...__A‘
‘b.

S97520 _
£« 1= x>+x+1 gives the equation x{x3 - % = 13=0, Therefore, the non-zero root satisfies x> =x + 1. Since both sides of this

€q uation represent increasing functions, we easily ses that the root must he between 1 and 2 since, for x=1, x* < x + 1 while for x=2,
x’ >x + 1. Hence, [x] = 1 and the expression we wish to evaluate is cleacly 0.

§97521

i . 2+ 2 2+ 2
(x+y) =x"+2p+)°. i1+i3=9. b IS s ES

Xy x'y’ 49
X4y =441 (x +y )Y =441+2(7) =455

QT
JJ"{Q"

Sinee the last digits of muitiples of 25 are either 0 or § and multiples of 36 do not have last digits of 1, the u:tegers must besuch that
the last digit of a is 5 and the last digit of b is 6. Therefore, b is of the form (5K + 1)+36 = 180K + 36 for positive integers K. The
first such integer that is 1 more than a multiple of 25 occurs for K=3 ylelding b=576. The ordered pair we seek is (575,576).

597523
Simplilying the quadratic vields 6x° =9x +k=0. Let theroots be r, and r,. The sum of the rootsry +r,is 3/2 and the condition
of the problem dictates that ry =1, = 1/2. Therefore, fl =landry = 1/2. kis 6 times the product of the roats. Hence, k=3,

S97524

Let {a,b) represent the roll of the two dme where "a" is the number from the una.ltcred die and "b" is the number from the a]tcred
die. Since rollinga 12 can happen in only one way, (6,6), if the six was changed, the new probability of rolling a 12 would be zero
which would be a reduction, but ten is the only sumreduced. Therefore, the 6 is left alone.

If the 5 were changed to a 6, then the probability of rolling an 11 would be reduced, since this can enly occur by rolling (5,6} er
(6,5). Therefore, the 5 is left alone.

Since rolling a sum of 10 involves only 4,5 or 6 on each die, it must be that the 4 was zltered. In the absence of 4, the number of
ways of rolling a 5,6,7,8 or 9 are also each reduced by 1, thus reducing their respective probabililies.

Suppose 4 is replaced by x, the rolls involving x would be (1,x), (2,%), (3%), (4,2), {5.x) and (6,). If x<3, then the probability of
rolling 2 9 would remain reduced. Therefore, the 4 is replaced by a 3.



NEW YORK CITY INTERSCHOLASTIC MATH LEAGUE
SPRING 1997 SENIOR A DIVISION CONTEST NUMDER FIVE
SOLUTIONS
597523 : :
Let x be the radius of the smaller circle and v be the radius of the larger circle. Therefore, x = *n:'f? andy= nVr;. The right triangle

whose hypotenuse is the line of centers of the circles and legs parallelto AB and CD, has leg lengths of ¥ = x and v + x. Therefore,
letting d be the distance between the centers, we have d = {y-x)z + (y+};)2 = 2(_');3 +y)= 16%°, Thus, d = 4.

&

S97526

The first nine terms of the product can be regrouped to

tzn(3° }tan(85° )tan(15% )tan(75° )tan{25° Jtan(65° )tan(35° Jtan(35° Jtan{45°)

= tan(57 Jeot(5° Jtan(15 Jeot(15° ) tan{25° Jeot{25°)tan(35° Jeo (35 Jtan(45°)y = |

The second nine terms can be regrouped similacly to

tan{®3°Man(175°)tan{105° Jtan(165° tan{115° Nan(1 55°)tan(1 25° tan(145° Jan(135%) )

Reducing to equivalent functions with acute angles less than or equal to 45¢, this part of the product is equal to =1.

The next nine terms involve angles in quadrant IIf and weunld have a product of +1 when regrouped in a similar fashion and the

last pine terms involving angles in quadrant I'V would have a product of ~1. Therefore, the entire product is +1,

$97527
The region within R and exterior to the trizangle consists of three rectangles each having width w, but with lengths equal to the side

of the triangle to which it is adjacent. Their combined area is n»perimeter = 7°/2. The remelning portion'of this region consists
of 3 sectors with radius =, but with angles equal to the supplements of the angies of the triangle.

Their combined area is (_7:2;"2)(3 Tc-{A+B+C}‘J=(7:2."2'](2n}=T:3. The tote] area is 3772,

597538 _

Adding the two equations gives x> = Q- p){’? and subtracting the equations gives x = (g + p};‘r22 4

letp= l‘Oa +band q=10b + a preducing q-p=9%b-a}and q+ p=11{b + a).

Therefore, x = (b + a}f?. and x> = 9b - ). Using these we find that _

{b+ a]1 = |8(b - a}. Since a and b are single digits wilh a and b at most 9, the caly possibilities for which (b + a}1 is a mnlidple of
L8 are 36 and 144. The first possibility gives b +a =6 and b~ a=2 giving b= 4 and a = 2 forcing p = 24. The second possibilit_ﬁ

givesb+a =12 and b-a=§, but this gives b = 10. Thus, p= 24 is the only solution.



597829 .

= Ler ¥ b% an integer satisfying ihe condition: Thereiore, N=213¢ VieK where K is an‘iniggsrwhoss grime facotization decs 5ot
: 2 . ik . : . .

include 22, 3% 1 1% or p3 for any prime p dilferent from 2,3 or 11. Also,K s L5 since 66+15 = 990 is the largest multiple of 66 Jess

than 1000 and we have that pcould be 5,7, 1l or 13. Tlie possibilitics for K are casilyseentobe2,3,5,7, 11, 13,2:3,2-5, 2:7, and

3.5, Since there are exactly 899 integers between: 10 and 1000, the probability i 10/899.

$97S30

Suppose N has x digits. Let N =10%" t +b where a is Lhe first digit of N and b is the number represented by the digits of N when
a is removed.

10% " la+b = 4(10b + ) according to the conditions of the problem and, therefore, b = {10° " ! - 4)a/39.

10™ ! - 4 are numbers of the form 99...96 which are divisible by 3. Hence, we seck the smallest 107 !~ 4 which is divisible by 13
or the smallest 10° ™ ! which is congruent to 4 mod 13. The first such power ol 10 is 10° and, therefore, x = 6. '



May 10, 1997

Dear Math Team Coach,

Enclosed is your copy of the Spring, 1997 NYCIML contests that you requested on
the application form.
The following questions had different answers than the given one or were eliminated from the
competitions. :
Question Correct answer

2745
4

Senior A 89782 was also accepted
59754 was eliminated. There were no restrictions on a, b, c.
85965822 {325, 324) was also accepted. It should have
included "a <b"
Junior S96)7 was eliminated. The wording led to misinterpretation of

the problem.
Havea great summer?
Sincerely yours,
Richard Geller

Secretary, NYCIML
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