NEW YORK CITY INTERSCHOLASTIC MATH LEAGUE
SENIOR A DIVISION CONTEST NUMBER ONE

PARTI TIME: 10 MINUTES =~ FALL 1996

F96S1  Solve for all real values of x: ||5x[ + 1'2| <13.

F96S2  Atthe county fair, thereisa game of chance that requires tossing a flat circular disk 2" in diameter
onto a surface that has a rectangular grid painted on the surface. The grid forms squares that
measure 2.5 on a side. The player gets 2 disks to toss for $1. If one of the disks lands entirely
within a square, the game is over and the player wins thz kewpie doll. What is the probability of
winning the doli? (If the disk fails to land on the surface entirely, the player gets another toss for
free.) ‘

PART I TIME: 10 MINUTES . FALL 1996

. F96S3 For any infeger x; let f(x) be the remainder when the sum of the digits of x* + x is divided by 3.
Compute f{1996). ' x

‘F9684 Compute the smallest two digit prime divisor of 121 + 1.

PART III TIME: 10 MINUTES =  FALL 1996

F96S5  The product of three consecutive positive even integers is 3 seven digit number whose first
and last digits are 8, Compute the second of the three integers.

Mtbatlia

F96S6  The vertices of AABCare asfollows: Ais (-5,10), Bis the reflection of A on theline -2x + y =35, and
Cis the reflection of B on the line x + 2y = 25.. Compute the length of the median from B to AC.

ANSWERS

F96S1  -1/5 <x < /5
F96S2  49/625
FO6S3 2

F9654 13

F96S5 204

F9656 V65



NEW YORK CITY INT ERSCHOLASTIC MATH LEAGUE
SENIOR A DIVISION CONTEST NUMBER TWO

PARTI TIME: 10 MINUTES FALL 1996

F9687 Let O be the center of a ¢ircle tangent to side BC and to the extensions of sides AB and AC outside
of sABC. Let F be the point of tangency on AB extended. If the perimeter of sABC is 1994,
compute AF.

FO6S8 Ifx+y=a, + y =b, and X + y = c, write an equation in simplest form expressing b explxmtly
in terms of both a and c.

PARTII TIME: 10 MINUTES FALL 1996

F9659 Compute the last digit of (19°° + 56191996

-

F9S10 Compute all the real values of x that satisfy 25% + 1:'265%5 = 15;;26 :

PART IIL TIME: 10 MINUTES FALL 1996

"F96511 The sides of a triangle are 1800, 1250 and 942. Let O be the center of the circle inscribed in the
triangle. Compute the ratic of the area of the friangle to the radius of the inscribed circle.

F96S12 LetV2 =14and a = [n\E] be the n'® term of the sequence {a_}forn2 lﬁvhere [x] isequal to the
greatest integer less than or equal to )ﬁ Letb, bethe o™ term of the sequence {b_} of the positive
integers, in order of increasing size, consisting of all positive integers not appearing in {a_}.
Compute by, -

ANSWERS

F96S7 998

F9652 b=(a’+2c)/3a
F96S9 ' 1

FO6S10 x=0orx=2
F96S11 1996

F96512 349



NEW YORK. CITY INTERSCHOLASTIC MATH LEAGUE
SENIOR A DIVISION CONTEST NUMBER THREE
PARTI TIME: 10 MINUTES _ FALL 1996
F96513 Compute the sum of all positive proper fractions whose denominators are no greater than 100,
F96514 Threepositive integers in an arithmetic progression aresuch that if thesmallest isincreased by three,

the new triplet forms a geometric progression or if the largest is increased by six, the new triplet also
forms a geometric progression. Write the three integers in increasing order.

PARTII TIME: 10 MINUTES =~ FALL 1996

F96S1S Compute the tangent of the angle between the internal diagonal of 2 cube and the diagonal of one
of its faces. -

F96S16 Let ABCD be asquare with side of length 3. LetE, F, GandH be points on sides AB, BC, CD and
DA, respectively, such that AE = BF = CG = DH = 1. By drawing AF, BG, CH, and DE an
interior square is formed whose vertices are the points of intersection of these segments. Compute
the area of the interior square formed,

PART III TIME: 10 MINUTES FALL 1996
F96517 (1 + ‘\E }32 = 2" (a + b¥ 3) where a and b are relatively prime integers. Compute the

integer value of n.

F96S18 Let x be the smallest positive integer such that N = 2592x is both a perfect cube and a perfect fifth
power. Compute [log, x] where [a] is the greatest-integer less than or equal to a.

ANSWERS
F96S13 2,475
FO6S14 24,36 and 48
F96S15 V2/2
F96S16 3.6
F96817 16

F96S18 10



NEW YORK CITY INTERSCHOLASTIC MATH LEAGUE
SENIOR A DIVISION CONTEST NUMBER FOUR

PARTI TIME: 10 MINUTES FALL 1996
F96519
1
111
12321 -
1367631

In the triangular array of integers above, each integer in successive rows is the sum of the
integers in the preceeding row immediately above it and to the left and right (assuming 0 in
positions where integers do not appear). For example, the 7in row 4 is the sum of 2,3 and 21in
row 3. If the sum of the integers appearing in the center positions of the first 20 rows is even,

write "EVEN"; If not, write "ODD",

F96S20 For positive mteger X, let d{x) be the smgle digit arrived at when the dlglts of x are added and 1f
necessary, the digits of the sum are added and so on. Compute d(31 ) +d(3 14) -d(31 ) d(31 ).

PARTII TIME: 10 MI_N'UTES FALL 1996

F96521 Write a four digit perfect square whose first two d1g1ts are identical and whose last two d1g1ts are
identical.

FO6S22 Write all the ordered triplets of positive integers (a,b,c):_that satisfy a < b < ¢, a(b+c)=27,
b(a+c)=32 and c(a+b)=35 simultaneously.

PARTIII TIME: 10 MINUTES FALL 199%

 F96523 Finding herself without a calculator, Miss Candomath approximaies 2'%4510% and computes
the base ten logarithms of 2, 3, 4, 5, and 6 to the nearest tenth. Wnte these decimial values in
order from smallest to largest.

F96S24 If |y} <1000, compute the largest value of y such that X 36x+y=0for integer x.

ANSWERS _ '
F96S19 EVEN : F96521 7744 F96823 3, .5,.6, . 7and .8
F96520 0 F96522 (3,4,5) F96S24 935



NEW YORK CITY INTERSCHOLASTIC MATH LEAGUE
SENIOR A DIVISION CONTEST NUMBER FIVE

PARTI TIME: 10 MINUTES  FALL 199

a2l s)',l

F96525 Compute therangeof y = ; &/here al represents "n factorial‘j ifits domain is

2
restricted to the nonnegative integers.

F96526 Let C(n) be the integer given by the numeral formed by writing the consecutive integers from 1 to
nin order starting with 1. Compute the power of 10 that appears when C(100) is written in scientific
notation. . " '

PARTII TIME: 1¢ MINUTES FALL 1996

F96527 Compute the smallest prime factor of 385336 565,336

F96S28 If x+ —1—x = 2c0815° , compute x* + -‘12 . : -
X

PART ITI TIME: 10 MINUTES - FALL 1996

o p_a
F96529 prandqaretherootsof\fl?x?'-\’SIx+\‘€=0, compute H

F96830 Within a square, a circle is inscribed within which a square is inscribed within which a circle is
inscribed within which a square is inscribed and so on indefinitely. Within every square the region
exterior to itsinscribed circleis shaded. Iftheside of the largest square is \E ,compute the tofal area:
of the shaded regions. . '

ANSWERS
F96525 {0,1}
F96526 191
F96527 S

R96S28 1

F96529 V17
F96S30 4- =



NEW YORK CITY INTERSCHOLASTIC MATH LEAGUE
FALL 1996 SENIOR A DIVISION CONTEST NUMBER ONE
SOLUTIONS

F96S1 The given inequality is equivalent to -13 < [5x| + 12 < 13,
Thus, -25 < |5x| < 1 which is solvable only for 0 s [5x] <1 which gives -1/5 <x < 1/5.

F9682 Any square on the grid has an area of (5/2)2. Within anj' square, the center of the disk must land
within a square region, concentric with the grid square, of area nearly (1:’2)2 so that the edge of the square
doesnot touch aline. The probability of this occurring is, therefore, (1!2)2;’ (5!2)2 or 1/25. Winning the game
can occur in two ways, being successful on the first toss or being successful only on the second toss.
Therefore, the probability of winning is 1/25 + (24+£)/625. The probability of winning is, therefore, 49/625.

F96S3  An integer and the sum of its digits have the same remainder when divided by 3. If x/3 has

remainder § or 2, then (Jt:2 +x)/3 has remainder 0. If /3 has remainder of 1, then (x? + x)/3 has remainder
2. 1996 has a remainder of 1 when divided by 3. Therefore, f{1996)= 2.

F9654 12!+ 1=12:11¢1049+3+746+5+4+342+] + 1, Clearly, 11 isnot a divisor of the sum. Checking 13, by
replacing each integer with one that is congruent to 1tself mod 13 we have

121+ 1 = -DEEBHASEOEN@EN) +186°5%4°3%27+ 1 5 (3CNE)(AE) +1=-144+1 =143
which is congruent to 0 mod 13. Therefore, the smallest two digif prime divisor is 13, (This is also readily
given by Wilson’s Theorem which states that (p-1)! + 1 is divisible by p for prime p.)

F96S5 Let the integers be represented by n - 2, n, and n + 2. Their product is n° - 40 and this must be
greater than 8,000,000. Therefore, n is between 200 and 300 (which is clearly much too large). Since the
product ends in 8, the integers must have last digits of 2, 4 and 6, respectively. Since 210° - 840 > 9,000,000,
the integers must be 202, 204 and 206. n is, therefore, 204.

F96S6 LetLlbetheline-2x+y=>5and L2 be the line x + 2y =25, Clearly, L1 is perpendicular to L2 and
their point of intersection, M, is (3,11). Let D be the point of intersection of AB and L1 and E be the point
ofintersection of BCand L.2. A, M and Care easily seen to be collinear due to the perpendicular and parallel
relationships of the lines, By the properties of line reflections, it is easily seen that AM « MB = MC and,
therefore, M is the mtdpomt of AC, The median BM is congruent to AM whose length, by the distance’
formula, is Y6 5. :

.K,

ks

s




NEW YORK CITY INTERSCHOLASTIC MATH LEAGUE
FALL 1996 SENIOR A DIVISION CONTEST NUMBER TWO
SOLUTIONS
F96S7 Let G be the point of tangency of circle O on BC.
AF=AB+BF=AB+BGand AF=AH=AC+ CH=AC+CG. .
Therefore, 2AF = AB + AC+ BG + CG = AB + AC + BC = 1996 and AR = 998.
(Circle O is said to be an gscribed circle of saABC.)

F9688 a —(x-i-}r) =3 +y + 2xy = b-i-a?xy Therefore, xy (Vz)(a - b).
=X +Y =x+VE+y -xy) =ab- (¥2)(a” - b)) = (¥)a(3b - 2°) giving 2c = 3ab-2” and b = (2° + 20)/3a.

F%SQ The Iast digit of 19" is 1 if nis even, The Iast digit of 96" is 6 for all n>1. Therefore, the last dipit
of 19°° + 96'% is 7. The last digit of powers of integers ending in 7 follows the cycle 1,7,9,3,1,7,9,3,... Since
1996 is divisible by 4, the last digit of the number in question is .

-

F96S10 Rewriting the equation 'usizig powers of 5 and transposing vields the equation:

52x _ 15,826 | 15,625

5% gx

-15 626y + 15,625 = 0. Factoring gwes(y -15 625'}(1.r )= Oglvmgy —10ry =15,625. Thus, y=
lory 25and, finally, x =0 orx =2,

=0, Lét y = 5* and multiplying all terms by y4 yields the quadratic form:

F96S11 Drawing the radii of O of length rto the sides of the triangle, it is seen that the area of the tnan gle
ter of the trianele, Therefore, area/r = l'b"a"ln = J'V-s“ll"'%QQ?"l = 10058

1 o SRR N Ly e e ) gy

is equal to (Y2)rp, where pis the

R

F96S12 The sequence {nﬁ} ={l4n} =14,23,4.2, 5.6, 7.0, ... and it is easily noticed that whenever the
decimal part of the number is 8 or 6, the next number will have "skipped” an integer. The sequénc; of digits
appearing in the tenth place is 4, 8, 2,6,0,4,8,2,6,0,4,8,2,6,0, ...

Therefore, {a_} will skip integers in positions 3, §, 10, 13,17, 20, ... which are the elements of {b_}. This gives
a two part generating formula forn21, b, =3+ ‘?(n 1)and by =6+ 7(11 1).

bypg = Dausg =6 + 7(49) = 349



NEW YORK CITY INTERSCHOLASTIC MATH LEAGUE
FALL 1996 SENIOR. A DIVISION CONTEST NUMBER THREE

SOLUTIONS
F96513
l+(l+g)+(l+-g-+§-]+ + 1 +.2 LA 99
2 \8 3)la 3 3 10 foo """ 00
‘E (k - 1)k
Fm2 Ek H
1S 1 93100
= — k = — = ] 5 3
2;;‘ s 2,47 :

hl

F96S14 Let x y and z be the mtcgcrs in incréasing order. The given mi'ormatmn leads to the three equations:
y=(x+2z)2, y ={x+3)z and y = x{z+ 6). The latter two equations dead us to z= 2x, Using this in the first equation, we have

= 'lvn Tfulnn Phacn !'urn raurﬂl‘u n f‘"‘iﬂ EMAHA anabian riuse Phs asia drn Mo f'?.vﬂ\ = v 4 L neldy _w™ as Nahans m~nibies
J T Cay Rt TN 4 R nd

alAy S MR LU DLV R0 Wi QUEBLLEWS \SR &) = 2h VA O 2R =X =V WOosS oo
i | o = (S 7

is x = 24, The three integers are, therefore, 24, 36 and 43,

HI
=
<
=]
(=3
-

F96S15  Withoutloss of generality, assume the edge ofthe
‘cube haslength 1. Therefore, the face diagonal has!cngthﬁ.
Usingthe Pythagorean Theorem {or theright triangle formed
by tke internal diagonal, an edge and a face diagonal, the
length of the internal diagonal is found to be V3. Using the
law of cosines on the triangle and letting 6 be the anglein

question, we find cos 8 = rf 6/3.

tang = \fseczﬂ— -.‘ .‘—s '

F96516  Let K bethe area we seek, LctW X,Y, and Z be the vertices ofthe interior square.
Clearly, AABF w ABCG w ACDH » ADAE and AAEW « ABFX « ACGY = ADHZ,
Therefore, K = 9 - (§Area AABF - 4+Area AAEW), Let a be the Icn§th of EW and b be the
lenpgth of BX = AW, Smcc AAEW ~ AABX, b= 3a. Wealsohaveal+b%=1.

Therefore, 102% = 1 or 2% = 1/10 and b = 9/10. Area AAEW = ()b = 3/20.

Thus, K = 9 - (4(3/2) - 4(3/20)) = 72/20 = 3.6.

F96517 (1 +V3)%=(4+2V3)6 =2 2.+ V3)6 = 2% (74 43
Clearly, the maximnm n is 16, sincs 2 does not divide 7 +4v¥3

F96518  Repeated division of 2592 by 6 reveals that N = 6'2x = 2°3%.

Letx =2°3° and, therefore, N = 2735 'I'hcsma]!cstposmchof thlsformﬂ:atxsbothapert‘ectcubcandaperfect fifth power
is 2'°3°._ Therefore, 2 = 10 and b = 11 and x = 2'%3" = 1%,

[log, 6103] = [10 +logg 3] and, since 0 < log, 3 < 1, the answer is 10,



NEW YORK CITY INTERSCHOLASTIC MATH LEAGUE
FALL 1996 SENIOR A DIVISION CONTEST NUMBER FOUR
SOLUTIONS

F96S19 Since each row is symmetrical, the integer in the center position would be the sum of one of the
following three possibilities:

EVEN EVEN EVEN ODD EVENODD ODD ODD ODD EVEN ODD EVEN
yielding, respectvely, EVEN EVEN « QDD ODD
Since the array starts with an ODD1n the center position, the first two possibilities cannot occur. Therefore,
all integers in the center position are ODD. The sum of twenty odd integers is an even integer.

F96S20 Forany integer x that'is not amultiple of 9, d(x) is the remainder when x is divided by 9. (Ifxisa
multiple of 9, d(x) = 9.} If a and b have remainders upon division by 9 of m and n, respectively, then
d(ab%-d(mn) Thsrefore dx™= Sd(x) "). Since d(31) 4, we have )

41 =dae) =7, aB31%=d(E1HH = dgd(?;l %) = d(49) = 4, d31%) = d( 319} = ddE1H?) = d(16) =
and, finally, d(31 =d( (313)7') = d(d(31) ) d(49) =4, Therefore, the sum we seekisd +7-4-7 = D

F96321 Let the two distinct digits be a and b and the number be a-lO3 +a:107 +be10 + b or 11(100a + b).
Since the numberisa perfect square, 1002 + bmust be divisble by 11, The usual divisbility rule for 11 requires
that a+b be divisible by 11. Therefore, the possible numbers are 2299, 3388, 4477, 5566, 6655, 7744, 8833,
and 9922, Also, since perfect squares have specific last digits (0,1,4,5,6 and 9 with 5 appearing as25), the field
isnarrowed t0 2299, 5566, and 7744. The number must also be divisible by 121, wecan examine the cofactors
of 121. They are, respectively; 19, 46 and §4. Therefore, the number we seelc is unique and it is 7744.

F96522 Since a, b and ¢ are integers, each of the three equations along with the inequality leads to a

restricted set of possibilities. Namely, from the first equation, a =1and b+c =27 ora =3 and b+c=9;

from thesecond equation, b=2and a+c=16 orb=4and a+c=8; from the third equation, ¢=Sand a+b= ?.

Since the third equation is only solvable in one way, we must have a + b + ¢ = 12. This eliminates the first

possibilities arising from the first and second equations, The latter possibilities satisfy this condition and
produce the same triplet (a,b,c). Namely, (3.4,5).

F96523 Assuming2'®=10%, wehave2 = 10% orlog2 =.3. Since 4 =22 log 4 = 2log2 = .6 and since 5 =
10/2, log S=log10-log2=1-.3 =.7. To compute log 3, ‘we use the property of log x, as seen from 1ts
nonlinear concave downward graph, that for any a,b,c > 0

witha <b <¢c, logb>1/2(log a'+ logc). Thatis, log 3 > 1/2.(log 2+10 g4 =12 (.3 + .6) =4.5. Therefore,
log3=.5. With this, log6 =log2+log3=.3+5=.8.

Thus, the logarithms in order are .3, .5, .6, .7 and .8,

F96524 x° - 36x +y = (x - 6)x(x + 6) +y = 0. Hence, (x - 6)x(x + 6) = -y.

Searching for the largest, we can assumey is positive. Therefors, the product on the left must be most
negative, greater than -1000, and integral. This will occur forx near -10. Testing for x =-10,-11 and -12, we
find that x = -11 producing the product -935 satisfies the criteria, Therefore, y = 935.



NEW YORK CITY INTERSCHOLASTIC MATH LEAGUE
FALL 1996 SENIOR A DIVISION CONTEST NUMBER FIVE
SOLUTIONS

F96525 Forx =0, yiseasily seen to be 1. Forall positive integers, (x+3)! is a muhtiple of 4 and, therefore, the zrgument of the
cosine is a multiple of 27 and the cosine is 1. Thus, y = 0 for all positive integers. The range is the set {0,1}.

F96526  The powerof 10 that appears in the scientificnotation representation of an integer greater than 1 isalways one lessthan
the number of digits in the integer. C(100) = 12345678910111213...9899100 has 192 digits. Therefore, the power of 10 is 191.

F96S27  This binomial is the difference of two squares and, since 65,536 = 216, factoring wil} produce a factor which is also a
dilference of two squares. This will occur repeatedly until we find factors of 3 -2 =1 and 3 + 2 = 3, which must be its smallest -
prime factor. . "

F96528 X+ %_ = 2¢0315°  is equivalent to the quadratic x% - 2xcos 15° < 1 = 0 whose roots are the complex conjugates
cos 15z 1sin 15°. By Deloivre’s Theorem, x* = cos 60° + isin 60° and x™* = cos 60° = isin 60°.

The sum is therefore, 2cos 60° = 2(%%) = 1.
An alternative solution;

X 12—x2+ 1 42 - 4cos?15®
+—| = = = 4c0s“ 15

X X "
x2 + lz = 2{2c08215° - 1} = 200830° =3
X
2
X2+L =X4+L'+2=a
x2 x4
x4 -+ _.j_ = 1
X4
£ .9

ohnzonn e & R SN g 4 SIS TR ~ 0 ¢ L A, - TR 1720 B A (A S T T -7 S
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T
ﬁf\’(l—’i, and the quotient we scek is m

F96530  Consider any one of the squares and suppose it has side x. Theradius of the inscribed circle is x/2 and the area of the
shaded region within the square, but cutside its inscribed circle, is X (1 - n/4) and the side of the square inscribed in the inscribed

circle is xf"E. It is readilly seen that the sides. of the successive squares with an outermost square of side s ate

s,%,%,e—:ﬁ,%....-- and thal:Lhcnmsquarc hasside y i_ 3 . Therefore, the sum of the shaded regionsis the infinite series
; A2
R
i an=q 27-1
r (1 - Zls?@ ’
¢ ( 4]
Tia2
or -=|s
-3

Fors=&'€,tl1esumi54-7c.
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