NEW YORK CITY INTERSCHOLASTIC MATH LEAGUE
SENIOR A DIVISION CONTEST NUMBER ONE

PARTI TIME: 10 MINUTES SPRING 1996

S96501 Let a be the square root of the sum of the first 100 consecutive odd positive integers. Lzt b be
the square root of the sum of the first 100 consecutive even positive integers. Compute the
value of b - a.

596302 Compute all the integer solutions to 3x™ - 9x° + 5x% + 3x -2 =0,

PARTII TIME: 10 MINUTES SPRING 1996

S96503 For positive integers 1, let f{n) = 2n-1 if niseven and 2n+1 if n is odd. Compute the sum of the
values of f for n = 1,2,3,...,100.

S96504 Compute all the ordered pairs of positive integers (a,b) which satisfy 762" + 36% = 1996,

PARTII  TIME: 10 MINUTES SPRING 1996

S96505 The average of five numbers is 1/ 3 and the averape of three of these nu:mbers is 1/5. Compute
the average of the other two numbers.

S96S06 A storekeeper wants to clear his inventory of the software package Mathzhard because he
hadn’t seld a single copy. He originally hoped to have a gross revenue of $100,000 if all the
software had sold at the retail price. He knows that if he creates a four week plan in which
during week w he sells exactly 10w% of the inventory present at the beginning of week wat a
10w% discount off the retail price, he will recover his cost for the software. Compute the profit
(in dollars) he originally expected to make.

ANSWERS

S96S01 V101 -100

S96502__ Xx=landx=2

S96S03 10,100

S96S04 (1,640) and (5,2).

S96505 8/15

S96S06 49,384



NEW YORK CITY INTERSCHOLASTIC MATH LEAGUE
SENIOR A DIVISION CONTEST NUMBER TWO

PARTI  TIME: 10 MINUTES SPRING 1996
596507 If log;3=x,express log,72 m terms of x.
$96508  When fully expanded, (x* +9)° = ¢, + o x* + o + .. + k2.

I2(cy+eytcy+... +Che) = 2%+ b°® wherea-b= 2, compute the ordered pair of positive

integers (a,b).
PARTII TIME: 10 MINUTES SPRING 1996 .
596509 - Compute the positive acute angle 8 such that 2cse8 = tan 72° + tan 18°

33
S96510 Compute the remainder when 3°  is divided by 7.

PARTIIO  TIME: 10 MINUTES - SPRING 19%6

S96S11 Circles of radii Y2 a.nd‘\G are conceniric with center O. Point A lies on the larger circle, point
B lies on the smaller circle. Compute the distance from A to B when ZOAB is a maximum.

S96S12 If all but one of five not necessarily distinct positive integers are added, the possible surmns are
33, 35, 36 and 40 with one of the sums repeated. List all possible sets of five such integers.

ANSWERS
596307 - 3-x
596308 (10,8)

596509 36°
S%6S10- 6
596511 1

$96512 {5,9,9, 10, 12} and {6, 6, 10, 11, 13}



NEW YORK CITY INTERSCHOLASTIC MATH LEAGUE
SENIOR A DIVISION CONTEST NUMBER THREE

TIME: 10 MINUTES SPRING 1996

PART I

S96513 A figuré G is drawn in the Cartesian plane consisting of a circle and a square inscribed within.
A transformation of the plane is performed under which the image of (x,y) is (ax,by). Write,
in simplest form, the ratio of the area of the image of the square to the area of the original
square in ferms of a and b.

596514 The roots of x> + 19x + 96 = 0 arer| and r,. Compute rl2 + rzz.

PARTII TIME: 10 MINUTES SPRING 1995

596515 In :lABQ AB = AC, altitudes BD and CE intersect at F, and EF:FC = 1:\6 . Compute the
measure of ZA.

S96S16 Not including x = 0 and x = 1, compute the number of real solutions of

84 152 9 156
ee V= Yre i

PARTIII  TIME: 10 MINUTES SPRING 1996

S96317 The perimeter of AABC, with integer sides, is 11. Compute the maximum perimeter of a
triangle whose sides are the reciprocals of the sides of AABC,

S96518 Let f(n) = n-n, Computie the sum of the reciprocals of fn) for all positive integers o > L.

ANSWERS

S96S13 ab:] or ab

S96S514 169

S96S15 45°

S96516 0

596517 = 13/15

SS96S18 1



NEW YORK CITY INTERSCHOLASTIC MATH LEAGUE
SENIOR A DIVISION CONTEST NUMBER FOUR

TIME: 10 MINUTES SPRING 1996

PARTI

S96S19 Four line segments are each tangent to a circle of radius 2 and meet at their endpoints to form
an isosceles trapezoid. If the area of the trapezoid is 36, compute its perimeter.

S96S20 The pair of sin%ultaneous nonlinear e uatio%ls
2% + Syz +3z +6p=0and 3x% + 8y~ +4z" + p = 0, where pis an odd prime, has solutions
where y and z are positive integers. Compute the number of ordered pairs (y,z) of these
mtegers. '

PART II TIME: 10 MINUTES SPRING 1996

S96S21 A function f(x) has the property that f{(1 +x) + kf(1 - x) = . Ifk > 0, write an expression in
simplest form for f(3) in terms of k.

S965822 Forapositive integern, let R | denote the nonempty set of all integers between 1 and n thatare
relatively prime to n. Compute the largest two digit integer, n, such that all the integers in R,
are prime.

PARTIII  TIME: 1¢ MINUTES SPRING 1996

596823 The Fibonnaci Sequence is defined asuy = u, =l and u ney =8y T u . Compute the
remainder when ug, is divided by 4. ]

596524 - In the following base 10 addition problem, 3 is the middle digit of the first addend and the
places marked by ® are filled by each of the nine other distinct digits. If the sum of the digits
of the sum is a multiple of 9 and in each column the digit of the upper addend is less than the
digit of the second addend, compute all possible sums. (The leftmost digit of any of the three
integers is not 0.)

®3e
L 2.1 ]
2900
ANSWERS
'S96519 36

596520 3

596521 8/(1-1)

S96522 30

596523 0

S96524 1626 and 1089



NEW YORK CITY INTERSCHOLASTIC MATH LEAGUE
SENIOR A DIVISION CONTEST NUMBER FIVE

PARTI TIME: 10 MINUTES SPRING 1996

S96825 In triangle ABC, altitude Eﬁcrcates theratio AD:DB =2:3. Iftan A = 3_/ 2, compilte the ratio
AC:BC. ’

S96826 A Tine tangent to the parabolas y = x% and y= x + 8x - 16 passes through the point (5,24).
Compute, in simplest radical form, the distance between the points of tangency.

PARTII TIME: 10 MINUTES SPRING 1994

596527 Compute the three digit positive integer that is equal to the sum of the factorials of its digits.

S96528 At Mathzfun High School, there is a make-up test policy that is unusual. The student begins
with 64 points and is asked 10 questions. For each correct response the student receives % of
his or her current point score and for each incorrect response the student loses ¥ of his or her
current point score. Compute the least number of questions that must be answered correctly
in order to pass the test, if passing requires 65 or more points.

PARTIO  TIME: 10 MINUTES SPRING 1996

S96529 Compute = o

1997° - 1996- 1993

S96530 In right triangle ABC, hypotenuse AB = 26 andm/A = 30°, The angle bisectors, AE and BF
with E on BC and F on AC, meet at D. If DF = x and CD? =ax’ + bx + ¢, compute the
ordered friplet (a,b,c). - ?

ANSWERS

s96s25  V26/6

S96526 - 465

S96827 145

596528 3 _

S96529 1996

596530 (1,-1,1)



896301

596802

S96503

S26504

596505

556506

NEW YORK CITY INTERSCHOLASTIC MATH LEAGUE
SENIOR A DIVISION CONTEST NUMBER ONE
SOLUTIONS - SPRING 1996

a?=1+3+5+..+199=100" andb*=2(1 +2 + 3 +... + 100} = 100+101. Therefore,a = 100 and b= 10¥10 [ and
b-a=10v¥101 - 100.

w9+ 5%+ 3x-2

=3 o e 6t -+ -2

= 3% - 3x +2) - (- 3x + 2)

= (3x - -3+ 2 = (3 - Dix - D(x-2) =0,
Therefore, the integer solutionsarex=land x =2,

1) + f2) + 1(3) + f(4) + £(5) + ((6) + ..+ 5(97) + £(98) + §99) + 1(100)
=3+3+T4T7+11+11+ ..+ 195+ 195+ 199 + 199

=20 +7+11+ .. +99+ 103+ .. + 191 + 195 + 199)

= 2202425 = 10,100,

Ifa=1, then 76 + 3b = 1996 —-> b= 640.

Ifb = 1, then 76a + 3 = 1996 --> 76a = 1993 which has no integer solutions since 76a is even. Along the same Jine of
thinking, b® must be even forcing b to bc even, 2° and b® cannot be equal since 72 isnot a dmsor of 1996 (This also
precludesa = b.} Also, 76ab < 1996 ->2%<27 Hence, for 2,b 1, the only possible values fora®are 32 and 52 The values
of b* would therefore be 2° and 2° » respectively. Checking these, we find that a = 5 and b = 2 is The only other sclution.

A much quicker way to find the second pair: 1996 = 1900 + 96 = 192425 + 3432 = 765~ + 3:2°.

The sum of the five numbers is 5:”3. The sum of the thres whose average is HfS is 3;”5. Therefore, the remaining two
numbers have a sum of 5f3 -3f5= 16;"15 and their average is 8/15,

Let T be the total inventory and P be the original price. The prediscount value of the eatire swck isTP =
During week 1 10% of T are sold at 90% of P

During week 2 20% of 90% of T are sold at 80% of P

During week 3 30% of 80% of 90% of T are sold at 70% of P

During week 4  40% of 70% of 80% of 90% of T are sold at 60% of P

19°9 20908 30908 7 de Qe 8« 70 §
+ + +
102 103 104 10°

The revenue for these four weeks is [ » TP

1°9 209+ 8 309487 4oGe 8706 s

- + - « 10
102 10° 104 10°

= 9,000 + 14,400 + 15,120 + 12,095 = 50,616, The expected profit was $49,384,



NEW YORK CITY INTERSCHOLASTIC MATH LEAGUE
SENIOR. A DIVISION CONTEST NUMBER TWO
SOLUTIONS - SPRING 1996

596307 log,72 = log(216/3) S96808 Whenx =1, wehave 10 =cy+ ¢+ ey = ..+ gy
=log 216 - log 3 =3 -x. When x = -1, wehave g% =y - c1+c., - ¥ Ce
Therefore, 10° + 8% = 20y + GFcyt..t Cy) and

{a,b) = (10,8).

This answer must be unique since &t + B =
(b+2)5"5 +b%is increasing for increasing values of b
and 2{c; + ¢, + ¢, + ... + &y ) is consiant.

S26509 896810 Leta =b {mod c) mean that bis the remainder when

2cscB

a is divided by ¢. The remainders when dividing
tan72° + tan18§°®

whole number powers of 3 by 7 are cyclic with

_sin72° | sinl8° 3%m0d8) = 1 (mod 7)
- o MIOIQ * 100 Ql(mudﬂ = 1 frmmndA N

cos7Z cosis -  emod §) _ o ooc Y
_ 8in72°cos18° + cos72°sin18° 33(md6] = ; (mcj?)
— - 3 =

%(2sin 18° cos 18°) et g oo 7

_ 2sin90° | gSmed g (mod 7)

sin36° Also, 3" = 3 (mod 6) for all integersn 2 L.
= 2 csc36° Starting with the upper most exponentiation,

Therefore, 6 = 36°.

3333= 3{3{33)]= 3(32?}= 33(m0d6]'= 6(mod7)

$96511 The maximum value of ZOAB occurs when AB is tangent to the smaller circle. Therefore, AOBA 1s a right triangle and

AB=v¥3 - 2=1,

S96S12 Since there are only four distinct sums, one of the sums must result twice, Therefore, the possible-surms of sums are

144 +33, 144 + 35, 144 + 36 and 144 + 40 or 177, 179, 180 or 184. The sum of the sums of four of the five integers is four
times the sum of the five nondistinct integers. Therefore, the sum of the sums must be divisible by 4 leaving us with only
180 and 184 as possibilities or with 36 and 40 a5 the repeated sums. Alse, these possible sums of sums forees the sum of

the five nondistinct integers to be cither 45 or 46.

The numbers are found as the differences between S and the possible sums of four integers. The following table clarifies
the situation: -

Repeated Sumof | Sumofthe *.33 *.35 *.35 .40 * _ repeat
sum sums five integers
*

33 177
35 179
3 180 45 12 10 9 5 9
40 184 46 13 11 10 6 §

Therefore, the only possibilities are 3,0,9,10 and 12 or 6,6,10,11 and 13.
Checking to see that the given sums are attainable, we find:
6+6+10+11=33=5+94+9+10
6+6+10+13=35=5+9+9+12
6+6+11+13=36=5+0+10+12

6+10+11+13=40=9+9+10+12.



S96513

896514

596815

S94317

395518

- The given eguaticn indicates th

NEW YORK CITY INTERSCHOLASTIC MATH LEAGUE
SENIOR A DIVISION CONTEST NUMBER THREE
SOLUTIONS - SPRING 1995
Assume without loss of generality that the circle iscentered at the origin with radius Eand the square is inscribed so that
a vertex lies on the circle at (1,1). The image of the circle is an ellipse and the image of the square is a rectangle inscribed
within the ellipse with a vertex on the ellipse at the point (a,b). The area of the rectangle is (22)(2b) = 4ab and the area of
the square is 4. Therefore, the ratic we seck is ab:l or ah.

2 2

() =rf a4, > (19 =t et 42096 > 1 et = 361 - 192 = 169,

Since F lies on the altitude from A to BC and this altitude is a line of symmetry for AABC, we have
DF.FB=EF.FC=1: \’E = EF:FB. Therefore, right triangle BEF is isosceles and mBFE = 45°. By similar reasoniag,
we also have mZDFC = 45°. Also, ABFC s isosceles with mZBFC = 135°.

Hence, méB + m£C = 45° + 45% + (180 - 135)° = 133° and mcA = 45°.

r
L

.84 =2%3+7, 182 =3+713, 91 = 713 and 156 = 2%

e
s

solutions besidesx = Dandx =1
2. v L ]

Let X = )/2 813 . The given squation now becomes ).'B + y‘s =y ! 3.-7.

Moving terms to one side and factoring, we have

ylz(y -1y~ yﬁ(}' - = ys(ys - 1){y - 1) = 0. The solutions to this equation are y =0, y6 =landy=1

182
Since X = [ys) , we clearly see that the only solutions to the original equationare x =0 and x = 1.

Therefore, the number of solutions other than x =0 and x = 1 is 0.
Theonly possible triples of sides for sABCare {3,3,5}, {3,4,4}, {2,4,5} und {1,5,5}. Therefore, the possible triples for sides

of the triangle we seek are {1/3, 1/3, 1/5}, {1/3, 14, 1/4}, {1/2, 1/4, 13} and {1, 1/5, 1/5}. The last two triples do not
constituie sides of a triangle. The first two triples produce perimeters i 13/13 and 5%6. The maximum.perimeteris 1313,

The sum we seekis & = Z —-—---1—=17-1- +i +i +._1_+
som(n-1) 2 6 12 20 30
Since fln) = 1 = 1 __1 1 ,
n-np on-1) n-1 n
Sisequivalentto |1 - 1 + 1 —-1- + 1 - 1 + -1- - —{ + ... . Therefore,S = |.
2) 12 3) 3 4] l4



NEW YORK CITY INFTERSCHOLASTIC MATH LEAGUE
SENIOR A DIVISION CONTEST NUMBER FOUR
' SOLUTIONS - SPRING 1996 -

§86519 The diameter ol the circleis the height of the trapezoid. Let the bases of the trapezoid be 2a and 2b. The lega would then
each be a + b by the congruence of segments of tangents from & common external poing. The area of the trapezoid is
therefore ¥ed(2a+2b) = 4(a-+b) which is also the perimeter of the trapezoidl Hence, tke perimeter is 36,

§96520 Multiplying the first equalian by 3 and the second by 2 and subtracting, we have the equetion -2 + 2* + lép=10
or :,l1 .2t= {y - Zy +2) = 16p. The possible values for these factors are given in the table below:

-z y+z 2y Sy z

1 16p 16ptl impossiblz

2 3p Ep+2 dp+] 4p-1
4 4 Aptd 2pt2 2p2
] 2p 2p+8 p+d . p4
16 p pt+16 impossible

Therefore, there are 3 such crdered pairs of intepers.

596521 ¥z =2, we have f(3) +kff-1) =8,
Ifx=-2, we have (-1) + kf{3) = -8.
Adding these two equations givesus ({3 + fI-1) ) 1 + k) =0, Sinca k>0, i

this in the first equation, we have f(3) = 3/(1 - k).

$96522 Since mulliples of 2, 3 and 5 are "dense” mmong the set of Integers, it is reasonable to have n being 2 multiple of 30, The
only multiples of primes less than 30 are those of 7, 11, and 13, These, however, are also multiples of 2, 3 or § acd,
therefore, excluded fram R, Ifn = 60, Rgo would include 7% which is not prime. To exclude it we would have ta bave
n =210 which is top Jarge. Therefors, the largest two digit r is 30 with
Ry = {7,11,13,17,19,23,26}.

596523 Leta=b (mod c) mean that bis the remainder when a iy divided by c. It is easy to demonstrate that if & = b (mod ¢} and
d=c{modc), thena + d = (b +¢) {mod ¢). Therelore, we can construct the Fibonacd Sequencs [mod 4} as follows:
1,1,2,3,1,4,1,1,2,3,1,0,.. and every sixth term will be a multiple of 4. Therefore, Ugg Jeaves a remainder of 0 when
divided by 4.

396524

Let S be the sum of the digits of thz sum. Since the sumis g muliplz of 9, 5 must also be & multiple of 9.

Since the lefimost digit of the sum has to be a 1 and the gther digits are at least 0, 2 and 4, and at most 7,8 and 9,
wehave 78S <25,

Hence, the only possibililiesare 5= 9 or § = 18,

Lr_\r_uki_n_g at the possible pairwise sums of these rematain

IS =8, then the ather three digits have to b2 0, 2 and 6. The unused digits are 4,5,7,8 and 9.
ums of thesc remaining digits, we see that it is not possibic for § to be the wnits digic of the sum.

[['2 were the units digit of the sum, the units digits of ke addends could be 4 end 8 or 5 and 7,
[necitber casc, a 1 would carry La the tens colump and we would not be able to producea 0 or a § in the lens column ol the sum with
the remsining digits. Thersfore, 2 is alsa not the ynits digit of the sum,

437
Using 6 as the uaits digit of the sum, we find the forced solution  +589 fors =9,

1026

IES = I8, then, since the left digit of the sum is 1, the passibls Iiplets for the other thres digité are:
089:269:278;453:456,7

432
ForD3,9,thereis asolution  +857

1089

All other cases ace easily ruled out by checking the possibility of any of the digits being the units digit of the sum.

Therefore, the only possible sums are 1026 and 1089.



396825

$96526

§96827

596528

S96529

S56530

NEW YORK CITY INTERSCHOLASTIC MATH LEAGUE
SENIOR A DIVISION CONTEST NUMBER FIVE
SOLUTIONS - SPRING 1996

Let AD =2x and DB = 3x. Fromright triangle CAD and tan A = 3/2 we have CD = 3xand AC=xV13 . From right
triangle CBD, we have BC = xV1 8 Therefore, AC:BC =x/13/ x/18 = v26/6.

y= x>+ 8x -16 is 2 reflection ofy= x* in the point (2,0). The line tangent to both parabolas would necessarily contain
this polnt. Using (2,0) and (5,24), we compute the slope of the line to be 8. The equation of the lineisy - 0 = 8(x - Dor
y=8x-16. Ony=x", the x-coordinate of the point of angency would satisfy x2-8x+16=0 resulting in X = 4 and the
point of tangency is (4,16). The point of tangency on the other parabola is its image by the point reflection, {0,-16). The
distance between the pointsis 4V 6 S.

Since the sum of the 3 factorials is bct;;rccn 100-and 999 inclusive, we easily see that 7,8, and 9 cannot be digits of our
number. Since 6! = 720, we can rule out 6 as well becanse any factorial added to this wonld giveus 7,8 or9as a digit. We
can also rule out 555, since 3(5!) = 360 which clearly doesn’t satisfy the conditions, We can also rule out any arrangement
of 55x, since 2(51) = 240 and no value of x for 0,1,...,4 would create a sum containing . two 5's. Since there is only one 5,
then the number is in the list 105,115,125,135,145,150,151,152,153,154. Hawever, the largest posstble sum of [actorials
in this list is 1! + 4| 4 5! = 145, We have stumbled npon our number. (We were told that there is oaly one.) '
To complete the thinking process:

For IX5=11+ 51+ X! =121 + X!, Xl must have a 4 as its last digit and only X=4 has this property and our numberis 145.

Regardless of the sequence of correct and incorrect responses, for exactly x questions answered correctly, the final score

s 4 10 - x % :
willbe 64} =1|= =2 . Since we need a minimum score of 64 = 2°, x must satisfy 5" > 2% or

4512 2& +4

xlogS > (x + 10)log2. Since 10 = 542, we have 1 = log$ + log2, Since 2'® = 10° yielding 10l0g2 = 3, e can approximate
log 2 = .3 and logS =.7 . (These approximations will be accurate enough to produce 2 minimum x due to the rapid
increasing behavior of exponential functions.) Therefore, , 7x > .3(x + 10) which requiresx > 7.5 and the minimum number
of correct responses to insure 2 passing grade is 8. (It would be interesting to compute this passing'grade and compare it
to the maximum failing grade!) '

X - x
(X+1)2~X(x+2) w2+l -2 -2

Let x = 1996 and the problem is of the form = X

Thesidesof AABCare AR = 2‘!’? (given}, BC = 'f";and AC =3. ABCF isalso a 30-60-90 right triangle giving us CF = |
and BF =2, Letting DF = x and BD = y, we can apply Stewarl’s Theorem on ABCF: -
CF%BD + BC*DF = BF(CD? + BD-DF}

ly+3x= 2{CD2 + xy)

¥+ 3x=2CD2+2xy

2-x +3x = 2CD° + 2x(2-x)

2+ 2x = 2CD + 4x -2x*

2% -2x +2=2CD?

x*-x +1=CD?

Therefore, the ordered triplet of the coefficients of the quadratic is (1,-1,1).



May 10, 1996
Dear Math Team Coach,

Enclosed is your copy of the Spring, 1996 NYCIML contests that you requested on
the application form.

The following questions had different answers than the given one or were eliminated from the
competitions.

Question Correct answer
Senior A S96507 ' add "with no logarithmic functions”

896530 any ordered triple of the form ((b+3)/2, b, -b)
Senior B SS6B14 add "with no loganihmic functions”
Junior S9GI07 15

Have a great summer!
Sincerely yours,
Richard Geller

Secretary, NYCIML
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