NEW YORK CITY INTERSCHOLASTIC MATHEMATICS LEAGUE
JUNIOR DIVISION CONTEST NUMBER ONE - SPRING 1996

PART I 10 Minutes NYCIML Contest Cne Spring 1996 !

S$86J1. On March 1st, Wenhua started on a bike trip traveling one
mile that day. On March 2nd, she traveled two miles, on March 3rd
three miles, on March 4th four miles and so on. On March 5th,
‘Pablo started from the same place and traveled exactly 9 miles
each day. On what date did Pablo first catch up with Wenhua?

S96J2. On Planet X the gravity results in coin tosses having only
three equally likely possibilities: heads, tails, or lands on edge.
Someone flipped three coins on Planet X. Compute the probability
that exactly two coinsg land on edge.

PART Ik 10 Minutes NYCIML Contest One Spring 1996

$96J3. Compute\| 2+ 2+ 2+...

S96J4. Compute the value of xy if x + v =26 and

X y LB
y % 7B
PART il 10 Minutes NYCIML Contest One Spring 1996

S96J5. Solve for all real values of x; x4 + 4xZ2 = 32.

S96J6. Compute the greatest number of different products that can:
be created using different prime numbers less than 42, each r‘rc:uc‘ur:t'
having the same number of factors. :

Answers
1. March 8th 3.2 5. -2 and 2
2. & 4. 144 6. 1716




NEW YORK CITY INTERSCHOLASTIC MATHEMATICS LEAGUE
JUNIOR DIVISION CONTEST NUMBER TWO SPRING 1996

PART I 10 Minutes NYCIML Contest Two Spring 1996

S96J7. aPVY is equilateral with points Q,R,5,U,W, and
X trisecting the sides of the_triangle. T is the common

point of intersection of QX, SU, and RW. Of the points, R
P.Q,R,S,T,UV, WX, and Y, how many sets of three are the S
vertices of equilateral triangles?

v W X Y

S96J8. Jack and Jill have the same number of horses. Jack can mzke twice as many

different teams of horses using three horses each than Jill can make using two horses each.
Compute the total number of horses that Jack and Jill have together.

PART i 10 Minutes NYCIML Contest Two  Spring 1996

S96J9. The product of three real numbers in geometric progression
is 64. The sum of their cubes is 584. Caompute the sum af the

numbers.

S96J10. If x < y <z, where x, vy and z are positive integers, t'ne?
sum of whose reciprocals is an integer, compute the sum x + v + z. |

PART 1li: 10 Minutes NYCIML Contest Two Spring 1996

S96J11. The shaded region DEF is formed by 5
circles of radius aone drawn with centers A,B and C of
equilaterat AABC. If AC = 2, compute the area of shaded

region DEF.
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Answers f
7. 13 9. 14 11.
8. 16 10. 11 12. 200




NEW YORK CITY INTERSCHOLASTIC MATHEMATICS LEAGUE

JUNIOR DIVISION CONTEST NUMBER THREE SPRING 1996
PART I: 10 Minutes NYCIML Contest Number Three  Spring 1996
S96J13. PQRS is a unit square. At A, the p
midpoint of SR, a circle is constructed Q

with radius AQ. The circle mtersectsﬁ) at
T. Compute the length of ST.

S36J14. The sum of two positive
numbers, multiplied by the second number

is 84. The difference of the twa numbers, s A R T
multiplied by the first number is 16.
Compute the largest ' possible
sum of the two numbers.
PART II: 10 Minutes NYCIML Contest Three ~ Spring 1996

S96J135. Four of the vertices of a cube, each of whose sides has length one,
are connected to form a regufar tetrahedron(a solid with four faces, each of
which is an equilateral triangle). Compute the surface area of the tetrahedron.

$96J16. Compute the sum of all real x such that x*-—3*2 = |,

PART ll: 10 Minutes NYCIML Contest Three Spring 1996
S86J17.Compute the product xyz if x,y, and z are real and

X+V¥+2=56
X+ y2+22=14,

a - :
‘xC+ZC=1O - |

596J18. Compute the product of the non-zero digits in the sum

13+ 23 + 3% + . . . + 753
Answers
it
13.% +-;- 5 or f: 15. 243 - 17. 6
14. 14 16. 2 18. 160




NEW YORK CITY INTERSCHOLASTIC MATHEMATICS LEAGUE
JUNIOR DIVISION CONTEST NUMBER ONE SPRING 1996

Solutions

S86J1. Method !:

Wenhua’s Pablo’s Total Wenhua's Pablo's Total
Date Tatal Distance Data Total Distance
Distance Distance
March 1 1 - March S 15 g
March 2 3 - March 6 21 18
March 3 & - March 7 28 27
March 4 10 - March 8 36 36

Method !l: Let x = the number of days Wenhua has been traveling. Wenhua's
distance is therefore %'x(xﬁ) and Pablo’s distance, starting March is 9(x-4).
The eguation ]E'x(x+1]= 9(x-4) has roots 8 and 9. (Both have traveled the
same distance at the end of March 8th and March 9th.) Since the date Pablio
first caught up is required, the answer is March 81th. Answer: March 8th

I

S96J2. The desired probability is 3C2 » (%)20(%) = 3 Answer: ‘%

S96J13. Let x =N2+VY2 +Y2+.... This means that x = ¥V2+x or x2 = 2+x 50 that

{x-2)(x+1) = 0. Since x is positive, we reject x = -1 meaning x = 2. Answer: <2

B 1 .
S96J4. Leta= K; Now we can eliminate a variable! We get Vva - E— = ?:'
Squarin4g both %ides anc‘l1 simpiifging leads to 36aZ - 97a +36 = 0. Solve by “actoring to

getagora=73 fa=g3 x =3y Substituting in x+y = 26 gives x=Bandy =8

Thus xy = 144. If a = 5 similar analysis gives x = 18 and y = 8 and xy = 144
Answer: 44

S96J5. The equation is- "biquadratic" and can be solved by factoring:
x4 + 4%x2 - 32 = 0. This gives: (x2+8)(x2~4) = 0 which has only two real rocts:
=-2 and X = +2. Answer: -2 and -2
S96J6. There are 13 primes less than 42: 2,3,5,7,11,13,17,19,23,29.31,37 and
41. If the number is to have 5 factars, there are 13C5 = 1287 possible products. if the
number is to have 6 factors, there are 13Cg = 1716 possitie products. If the rumber is
to have 7 factors, there are 13C7 = 1716 possible products.If trne number i1s to
have B factors, there are 1308 = 1287 possibie preducts. The greatest number

of preducts is 1716 using 6 or 7 factors. Answer: 1716



NEW YORK CITY INTERSCHOLASTIC MATHEMATICS LEAGUE
JUNIOR DIVISION CONTEST NUMBER TWO SPRING 1996

A Solutions

SS6J7. There are 9 disjoint "small" equilateral triangies
in the diagram. There are 3 "big“ equilateral triangles,
each consisting of 4 smaller ones. In addition, the original
triangte is equilateral. This gives a total of 13 equilateral : :
triangles. v W X Y
Answer: 13

S96J8. Let x = the number of horses that Jack has. The problem implies that

xC3 = 2(xC?). This leads to "("’13)fx'2) - 221 yhich gives x= B. Jack and

Jill EACH have 8 horses. Answer: 16

S96J9. Let the numbers be represented by x, ax, and ax. The product is 64
meaning a3x’= 64. so ax = 4. Thus the numbers are %, 4 and ax. The sum cf
cubes is 584 meaning x3 + 64 +abx3 = 584. This means that x3{1+a% )= 520 so

that “5(1+26) = 520 and 3(1+a6)= 65. Thus 8§ + Bab=65a3. 826-6523+8-0.
Let y=a3. We have 8y2-65y + 8 = 0 50 (8y-1){y-8) =0. meaning y :é—or y = 8.
Thus a = %or a2 = 2. The threg numbers are 8,4 and 2 or 2,4, and 8, The sum cf

the three numbers must be 14. Answer: 14
S96J10. letn = -—+;~,;- ;1-+i-+%-<1+%— «+-12 Notethatsinx <y <z, Lis the
fargest of the three reciprocals. & < a=t+ ‘—_‘—< andn<isothatnx < 3 or

X < —sothati S <3Th15meansfhatx-§andn*ﬁ At this point. we

1

have—+— .—so that—<—and y < Z 50 that s and mT}- > e ; ’E’ Thub; ol

ory>2> L givingy = 3. Slnce LS +—I -1, We get z=06.Thisgives x+y -z =
273+62-11 Answer: 11

SEIG{H To get the area of an equilateral triangle, we must use the formuia
A= —«F which means the area of AABC = V3. Each sector is <~ of a circle. Tnus
the total circular area is —nmz . To get the needed area, subtract to get_ g >

V3-T -5 Answer: V3 -— 1“1-?
S96J'I 2. Replace {x -~ z— ; Iby {a,b,c,d} and use 24ths to get:
a+b+c+ = ;—4
a+h+ +d = 12%
1> | Thismeansx=12,y=8,z==6and w = 4 so {x+y}{z+w) =
at+ +c+d = 37 Answer: 200
brced = 5




NEW YORK CITY INTERSCHOLASTIC MATHEMATICS LEAGUE

JUNIOR DIVISION CONTEST NUMBER THREE SPRING 1996
Solutions _

S96413. By the Pythagorean Thearem, AQ% ST= %wﬁq— %- = 13(1 + 45)  which
happens to be the Golden Ratiol Answer: |4y
S96J14. Let x = the first number; Let y = the second number

y{x+y}=84 xy +y*=84  Addinggives | x2 + y2=100

which means
x(x-y)=16 x2-xy=16
We can divide both sides of the arignal second equation by x;

X-y= ];Ei soy:x—% soy = xZ;m so Y& =x4'%2+256. Add x2 to both sides
of the equation to get x2 + y2 ='w:;m= 100. This results in the biguadratic

equation 2x* - 132x2 +256 = 0 so x* - 66x2 +128 = 0 giving (x2-2)(x2-64) = 0 so0
that x=2 and y=-7V2 (Reject, since y is not positive) OR x=8 andy = 6. The
largest sum x+y istherefore 14. . Answer: 14

S96.J15. Each face of the tetrahedron is an equilateral
triangle, the length of whose side is ¥2. The area of each face {
is then computed using A= :1'33‘\.[3- = l(‘\ﬁ)z\g= '5'\5 Multipl
by 4 giving the total area,2%/3. Answer: 2V3

S96J16. One way a power can be 1 is for the exponent
to be zero. This yields the equation X2-3x+2=0 so x = 1,
or x = 2. Another way for a power to be 1 is for the base
to be 1 or ~1. Since x = 1 arose in the case above, we
need not reconsider it. If x=-1, [-1)1+3+2= 1 which

means x=-1 satisfies the equation. Thus the sum of the roots is -1+1+2 = 2. Answer;
S96J17. Subtracting the third equation from the second gives yi=4 so y=-2 or y=+2.
The first value does not give real values for x and z. Substitute y=2 to get x+z = 4 and
x2+22 =10. Substitute x = 4-z ip the second equation to gat two ordered triples solving
the original system:{1,2,3) or (3,2,1). in both cases, the product xyz is 6. Answer: 5

S96)18. Expression Sum
13 E

13 + 23 32

13 423 4+ 33 b¢ ”(?)2
18 25 & 33 o458 102,(5%)2'
13 + 28 13.3.743 +53 152 - (s1)2
13 +23 +33 e Rl S n3 ("”....-"2:_1:)2

Using the above generalization, we get13 + 23 .33 4. 4n? = (wm)2 = 28502 =
8,122,500. The product of the non-zero digits is 160. Answer: 160



May 10, 1996
Dear Math Team Coach,

Enclosed is your copy of the Spring, 1996 NYCIML contests that you requested on
the application form.

The following questions had different answers than the given one or were eliminated from the
competitions.

Question Correct answer
Senior A S96507 ' add "with no logarithmic functions”

896530 any ordered triple of the form ((b+3)/2, b, -b)
Senior B SS6B14 add "with no loganihmic functions”
Junior S9GI07 15

Have a great summer!
Sincerely yours,
Richard Geller

Secretary, NYCIML
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