NEW YORK CITY INTERSCHOLASTIC MATH LEAGUE
SENIOR A DIVISION CONTEST NUMBER ONE

PARTI] TIME: 10 MINUTES FALL, 1995

F9sS1 Compute the number of ordered pairs of integers (x,y) which satisfy the simultaneous
inequalities y=x<0

y+%r>0
r<)

9582 Two runners traveling in opposite directions at the same rate are at the same point on az 2ast-
west bridge 300 meters long exactly at noon. As one of the runners reaches ore end of the
bridge a roller blader begins ter journey across the bridge and rsactes the other side a2 the
same time as the other runper. Ifthe roller blader wastraveling ata rate 1% times =5 fast as r1e
runnets, how far from the closer end of the bridge wers the runners at noor:?

PART !l TIME: 10 MINUTES FALL, 1993

F9352 {f A and B are complementary acute angles, compute g < s

csc{330 - 2A)

=384 172" - 2o = 4050, compute the ordered pair of positive integers (2,5).

FARTIII  TIME: !0 MINUTES FALL, 15558

F9%S3 Compute the rea! number x that sarisfies log, 8+iog12+log, b =log, x

=556 Compute the cositive x-intercept of the line that is 3 units from the peint (3,0) and passes
through the point (3,6),

ANSWERS a2

1.3

2. 50 meters

535

S, 256

6.3+243



NEW YORK CITY INTERSCHOLASTIC MATH LEAGUE
SENIOR A DIVISION CONTEST NUMBER TWO

PART | TIME: 10 MINUTES FALL, 1995
F9557 Compute the real number that satisfies 2vx - 8 4 3x = 0,
F9388 The squares of the first three terms of an increasing arithmetic prograssion of diffsrent raqi

numbers form a geometsic progression, Compute the fimst term o7 the arthmeric prograssicn
if the sum of the cubes of the first taree terms is 120.

PARTIIL TIME: 10 MINUTES FALL, 1992
F9359 Compute ike real solutions 10 j2x = 3; + 2x2 = $,
Fassi0 Ifsinxj~kosx!#0,sin2x =aand b = (sin X + ¢os x)3 » Write an equation

expressing b in t2rms of a

ART II TIME: 10 MINUTES FALL, (533
F53S1: Compute the number of even divisors of 42°
F23S12 Circle O is inscribed in equilateral triangle ABC which is inscribed in square ADEF, If e

ratio of the area of circle O to the area of square ADEF in simplest form is w(a ~ by, computs
the ordered pair (a,b).

ANSWERS

7169

i
§2-242

-1=y17 _'_-\“5-

- F SRR
10, b=(1+2)?
11. 180,

12 (23,V3/3)



NEW YORK CITY INTERSCHOLASTIC MATH LEAGUE
SENIOR A DIVISION CONTEST NUMBER THREE

PARTI TIME: 10 MINUTES FALL, 1993
F9s5813 Let d(x) represent the number of zeros appearing at the end of
positive integer x. Compute d(19!) - d(97)
F9ssis A circular wheel is positioned in the interior of a circular track 50 19at point -'o. of th~ wheel
<coincdes with point B of the track. The wheel begins 1o travei along (ke track. Tther
L¢ area of the wheel to the area of the region witkin the wrack is /25, compute 1k nmb:z or
complete laps around the track made by the wheel the first time that points A and B soircice
again,
PARTIL TIME: 10 MINUTES FALL, 19235
B o
F358.5 Compute Y€ = Y6 + v6 +
F33S.6 How many positive integers X, x < 100, exist for which 3* - x°
is divisicls by 6?
FART I T:iME: 10 MINUTES FALL, 1995
AT Comzute the values of positive integer b, b <20, such that the base b nemeral 2100 5 a serizul
square?
e : gy X104
F7sS18 Solve for all real numbers, x, that satisly —=! = —~ |
x+-|x] ©
([x] represents the greatest integer less than or equal to x.)
ANSWERS
13 2
15,3
15,3
16.17°
i7.4and 12
18,

7/5 and 14/3



NEW YORK CITY INTERSCHOLASTIC MATH LEAGUE
SENIOR A DIVISION CONTEST NUMBER FOUR

PARTI TIME: 10 MINUTES FALL, 1¥95

F95519 A woman born in the latest year prior 1o 1995 that kas 41 as a divisor has a chi'd
on January 1, 1995. Compu:z the age of the child during the first year after 1995 thar has 41
as a divisor.

F93SZ0 Fird the arza of the regicn bounded by the grapas
ofly~x'=3and 'Sy +x-6=9.

FARTII TIME: 10 MINUTES FALL, 1995

F382] If F(n) is deined Zor integers n >1 with F(zb) = aF(®) ~ “F(z) and Fiz) = o for prime 2,
compu:e F(1995).

F95522 Compute the number of triangles with integer sides, exacily two congrueat sides ard 2

perimeter of 1995.

PARTHI  TIME: 10 MINUTES FALL, 1583
FI5823  Write the units digit of the producy 17771875 19%.

Fass24 The windsheild of a car is a rectangle 45 inches long by 24 inches high. The wiper biades are
cech 18 inches long and rotate in the same direction. When at rest, the blades forma straight
segment 36 inches long with ore endpoint at the lower right vertex of the windsheild. When
rotated to their maximum, the rotating sndpoint of the left blade meets the left side of the
windshield. Compute, in terms of &, the nuruber of square inches in the area of the region on
the windshield that is cleansd by the blades,

-~

ANSWERS

1914

20,18

21. 7,980

37, 498

23, 4

24, 162% - 81V3



PARTI

F95825

FUssI5

NEW YORK CITY INTERSCHOLASTIC MATH LEAGUE
SENIOR A DIVISION CONTEST NUMBER FIVE

TIME: 10 MINUTES FALL, 1995

!f‘o’l § - 6\/".7 =a+b v"?, compute all the ordered pairs of real numbers (2,2

A runner jogs in a circular fashion as follows: She runs a complete circle of radiuz i) metecs
anc then runs 10 meters zlorg a tangent to the point at which she compieles the circle. From
there she begins 10 run a new circle with the same center as the original. When she returns to
her staning peint, she again rurs along a tangent line the lsngth of the curreat radivs and
repezts the process. Compute the numbder of square meters in the area of the region borderes
by her ifth complete circle.

PART I

-——

TIME: (0 MINUTES FALL, 1298

FO382? Compute thenumber of different polyhedra having 8 faces that are squilaterzi wiangles, = faces
that are squares and 3 faces that are reguler pentagons.

F25528 Six students ia the same class hand their schedule cards to <heir teacher. After raviswin gthe
cards, she puts sach of them in 2 separate envelope and seals them. Waen returring e cards
the next day, she realized that she forgot to write the students narses on “he ervelopes, b
rzivrns them at random. Compute the probability that nene of the siudents receiv2s ais =r he-
own schedule?

“ART I TIME: 10 MINUTES FALL, 1935

F3829 9"+ 9 = 198 and 3" - 3¥ = 6, compmie x - y.

F23530 Let S be a set of twelve points that are equally spaced on a circle. Compute the number of
different acute triangles that can be formed using three points {rom S as vertices.

ANSWERS

e F
- (~’7.-3’7’—7)m1(3.|)

26. 1600=
27.0
28. 537144
0.4

D40
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NEW YORK CITY INTERSCHOLASTIC MATH LEAGUE
SENIOR A DIVISION CONTEST NUMBER ONE
SOLUTIONS

FALL 1995

The graphs of the straight fines y = x, y = ~x/2, and x = 3 border the region in the coordinate plane in
which we find the solutions, The solutions are the 3 lattice points in the region: (1,0), 2,0y and (2,1,

Let x be the distance from the closer end of the bridge. The rotler blader starts har journsy when both
runners have moved x meters. Trerefore, she travels 300 meters in the same tima that the runner still
on the bridge runs 300 - 2x meters, Since distance and rate vary directly, we have

300/(300 - 2x) = 372 which yields x = 50 meters.

The given expression is equivalent to
(1an A + cot A)sin(360~2A) = (tan A - ¢ot Adsin Z{180 - A)
= (fan A = col A)(2)sin(180-A)cos{180-A)
= -Z(tan A = cot ,’A] sin Acos A

= -"sinz a - Qne 6. Sln a ’*Qs a
snAcos A
= -2

The vnicue prir:xejacto:izalion of 4050 is 2¢3%5% . Since 2 and b are positive integers anc
55" - 2%5? = a*b¥(5-a), it must be the case that (a,b) = (3,5).

Let+'=8,8%=12and 12°=16.
Therefore x = 16°% = 4% = ((4%°%° = 16% = 256

A line that is 3 unuts from (3,0) is 2 tangent to the circl2 (x - 3)2 + y2 =9 Le:krepresen: the distance
from (3,0) 10 the x-irtercept of the line. Sirce the lins must pass through (3,6) we can use the nght
tnangle with vertices C(3.0), A(3,6) and B(3+h,0) with the radius o7 the circle drawn 10 the line asthe
aititude 2o the hypoisnuse. Call their point of intersection D. From rigat tnangie ACD we have
AD =V27 and since AC* = (AD)(AB) we get AB = 36727 = 4¥3. Thersfore, k = ¥ 1 2 from the
Pythagorean Theorem on right trizngle ABC and the x-intercept is 3 + 2V 3
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NEW YORK CITY INTERSCHOLASTIC MATH LEAGUE
SENIOR A DIVISION CONTEST NUMBER TWO
SOLUTIONS
FALL 1993

Let y= \f_ The equation is, therefore, a simple quadratic:
3y +2y-8=(3y -4y =2) = 0. Sincey must bz positive,
the only solution is v = Ix=4n0rx = 169,

Let xhc first lh'ee t::ms bea -d aanda +d. Since their sguaces form a geometnic pro ‘f-‘s_lon
havea® ={a~ d) (a -d) -(a dz) which yields d (\.2 - 29. }=0. Since the: erms are ditferens, d=¢.
and wehave d 2a The sum of their cubes expands and sxmphﬁes to 3a° - 6ad” and Dy SLDstituLOn
we have 32° + 122° = ‘Sa 120 and a = 2. Therfors, d = V'8 and the st sarm of the asitkmssc
progression is 2 - 2v2

The given ecuation yields she I 3.!0» ng two auxilliary equations:
2 -1=5-2 and xk-3= 2)5_ 5. The four possible solutions are %i=] £/171and 5. =T
The firs: pazyeldzt =9--’l?ardd~e rdpanryucldlx‘*)--: Smw‘-"\ ISt b2

nOnA2gAtvE, We can accentmy";_ 9-V17and2d=3-v5 ‘ﬁm the solutions
x=%{=-1+¥iTjandx = %{! -¥5). Answer: =1=-v17 =48
2 Suu

2 _, 2 32
'mxn.osx) -((su}’x-cosx) )m-(am xfcos2x+2smxc'~sx1 "=l egin2x; =L =-uy e

Taerefore, b =(l+2)""

‘ - - . - . - ‘- 5
22° = 2%3% has 6" divisors. The odd divisors are the 36 divisors of 377"
Therefore, 42 hzs 216 - 36 = 180 even divi

Tnangle ABC can b2 positioned in only one way making the problem well Sefined. Ri. 201 trianglis
ADB end AFC are congrusnt with acute angies 15 and 75 degress. The canter of acircle insesizes in
2 inangls Jes at the iniersection of the angle bissctors which, for an ecuilateral tnangle, ace the
relians which inlersect sach other forming segmerts in the ratio 1A, The shorter segment s 1he
radias of the inscriced circle. Since we are sesking a ratio, we can assume the radius 19 be i

Therslors, thealtitude of -qudaural t':angx zs3and the side of theequilateral triangle 52V The
side of the square is, thus, 2V 3c0s15% ands® = 12cos (lﬁ' 12(%a)(1+cos30) = 6(!*’-{!!:2). Theratio we

seek is =6 = W3) = (6 - W3V = 223 -V3/3).
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NEW YORK CITY INTERSCHOLASTIC MATH LEAGUE
SENIOR A DIVISION CONTEST NUMBER THREE
SOLUTIONS

FALL (995

a! will have as many trailing zeros as there are factors of 10,
LS! = 19¢18e17¢16015¢14¢1301201101009¢8¢7 060504030201

~ 19¢18¢17+16¢ 3014¢13+1201]1 ¢ GeReTeh o 203 *1e(5e2) el 00 (52)
Therefore, d(19!) =9 =3-1=2

The ratio of the areas yield the ratio of the radii to be 37€ which is al¢0 the 1a::0 of the cire anuRrences
Therefore, each revolution of the wheel covers /5 of the track, For the POINIS 10 coingide afler u
number of compleie Japs around the track, this number multiplied by 3¢5 nust be a positive intecer
The least such muitipher of 25 i5 S,

¢ . 4

$ 7 2 3
Lax=%¥6 - V6 = /6§ - ... Therefore,x=%6 « X orx’=6=-xzndxaust b2 sesitive
0CE 1L is a square root. The positive soluticn to the quadratic is x = 3.

The remainders of 3" when divided by 6 for integers x = 1,2,2, . are 21l 3. Tre remairdars of x cen
civided by 650z the integersx = 1.2.33... arerespectively 1,2,3,4,5.0,1,2,3,4,5.0, .. ir. thiscye'ic fashion

Therefore, the remainders of 3* - x” form the - cycle 2,0.0,54,32,10,5.4.2,... showing that

3% - 17 is divisibie by 6 for x = 39,1521,27,... =3+ 6k fork = )} B £ A

These numbers are J2ss than 100 for 0 s k s 16 and, therefore, there are 17 of them.

A base b aumber is a perfect square ia Sase b if and only if its case 10 equivalant is a periact square
:abase 10 2100 in base 2 is equivalent to the base 10 number 2b° = b% = 3%(2b - 1), Thisis 4 serfect
sqaare il and only i 2b + | is a perfect square. This is the case for b = 2, 12, 24, 30, &0,

The 5ases [ess than 20 are 4 and 12.

Cross multiplying and simplifying yields the equaiion x = 7[x}s. Censidering this equation in the
specificintervals x sx <k + | forintegersk wehave k s TkiS <k + lord s 2ki5 <1, Therefore, there
will be solutions for k= 1 and k = 2 only, namely x = 7/§ and 14/5. (k = 0 is an extraneous solution.)

Aczraatvely, onecan graph y = x). By determining the slopes of the linss passing through the ongin
and the endpoints of each of the “steps” and comparing 10 57, the slope of y = 3x/7, the intersected
sizps can te ascertained. Thatis, for x < 0, all the “steps” lie 1o the right of y = x and, since 57 <),
the line will not intersect any of the steps below the x-axis. ForO <x <1, the point of intersection
occurs atx = Dwhich s notasolution. Forx : 1, lines that intersect the first step above the x-axis must
iiave slopes between 172 and | which is the case for 5/7. The second "step” is intersected by lines with
siopes between | and 2/3 which is also the case for 5/7. The third "step” is intersected by lines with
slopes between 1 and 2/4 which is not the case for §/7. Successive staps will require slopes nearer 1o
I. Therefore, the probiem reduces to the two auxiliary equation} Sx/7 = 1 and 5x/7 = 2 yielding the

solutions x = 7/S and x = 14/5. ¥ .g
_2-/

V' RN
“_3;—7)(
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NEW YORK CITY INTERSCHOLASTIC MATH LEAGUE
SENIOR A DIVISION CONTEST NUMBER FOUR
SOLUTIONS

FALL 1995

Let the year of the woman's birth be 41x, x is a positive integer. Tae child's age is therefors
slix+1) - 1995, The minimum value for x for which this is posizive is 49 2nd the zhild's ages =

Each =quation has a graph consisting of paraliel lines. That is, |y = x| = 2 sroduces 17z lires

y=x=3andy=x~3 Sy+x-6 =Oproducestaelinesy = -x5-35ardy = -5+ 3 Theregicn
boundad by trese lines is a paralielogram with vertices (-3,0), (0,3), (5,2), end (2.-1). Thesrer is oy,
23sily computed Ly creziing a rectangie with sides paralie] 1o the axes for which the parzllelcgran: i3
Ascrioed and subtraciing from s areathe areasof the four right triangles in the rec: gagle, but ousside
tae parailslogram. The rectangle has vertices (=3,~1), (-3,3),{5,.2) and (5.= 1}, Thaere'ors, the 2rsu of
e parallelogram is 32 - {3 -9+3-9) =32 - 14= '8

1995 = 3665 F(1995) = 665+F(3) + 3+F(665)
B85 = 54133 F(1993) = 665+F(3) + 3(133+F(S) « S«F(123} )
133 = 719 F(1995) = 665+F(3) + 399¢F(S) + i5{(19+F(7) + T+F(19

F(1993) = 665+F(3) + 399+F(S) + 285+F{7) — 105+F{19}
F(1995) = 66503 + 39945 + 2857 + 105019 = 441565 = 7980

L2t the sides of the iriangls be the integers 2, aand >, Wehave2za = H = 199€and 0 < 2 < Za.
Taerefore, 2a < 1995 < 4a which yields 499 < a $937. Hence, there zre 997 - 498 = 499 such ‘sosceies
tmangles. Since we gre not including the eguilaterzl triangle with sides 665, the answer is 498,

: 7" for X = 1.2,... zroduce units digits in the cyclic sequerce 7,3,3,1,7.9.3.1...

‘S fork=1 ‘.... produce vaits digits in the cyclic sequerce 8,4,2,6,8,4.2 6.

9% fork=12,.. preduce tnits d'gus in the cyclic seguence 9,1,9,1,9,1,9,1,.,

Therefors, the product 17185155 for k = 1 +2,... produce units digits in the cyclxc sequence
4.5,46,4,6,... establishing that, for k odd, the units digit of the product is 4,

When the tlades 2re rotzied 10 their maxinum, the Jeft blade forms a right triangle with the lefi sice
of the windshield with Jower side 9 and hypotenuse 18. Their included angle is, therefore, 60°. From
lus we see that each blade sweeps a third of a circuler region each having an area of 324x/3 = 108x,
There is an overlapping région that is the area of a 60° r less the area of an equilateral triangle
with side 18. This area 18 324(x/6 J_}Id) = 54x - 81¥ 3. Therefore, the area of the clcanzd region is
216z - (347 - 81V3) = 162x + 8]
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NEW YORK CUTY INTERSCHOLAS IO M AT LEAG
SENIOR A DIVISION CONTIST NUMBER IV
SOLINIONS
FALL v

Squanag doch 59363 of 1 pives eguation yielids el 7=t W27 s a® .._.,... “ b and
b = 6. Using & « M ardd substibesing into the ficgt reabonstap, we buwe ' 1607 00
This lclory o Qe» - van 4_\..3 0 predicag the sojutions U eMT st - 1 Ine
currespondag welutions fora ace of 7 sind 23, Nolethatu v —.h:.:! L O g I R

001, Tium the atcxplable orderad patrs ace -&..vﬂ.u.reﬁf.c

T8 rsdius of the second cincle is FO\M denived from vbe somabes nghit iveond fosmal by ot i
radius axd Ibe tangend line of equal leogih. "Ihesadive of Use Lhind o ¢ v b comipulod by a s o
procots and & found o be 0. The fons oh yvdras will be 207 2 and the [ith wall & 40 Therelune, the
area of the region bordered by the Gl cumplete cirde is 1600w squase msters -

Froaibe § cquilsteral 1riangles wo woulkd luve 24edges. From the 4 squanes we woub! have 16.0daes
Froo 1he 5 peasagorm we would bave 25 odges. Thus, we would DAve a total of 65 alpes Hlowgeqr,
each edge & shared by exactly two polygons foecing the sumber of cdges 1o beeven Treicfoie, (here
are ) polyhedra mecting the given specifications.

Let p k) be the number of ways that each of exactly & cut uf & students cecomes hes Of hef
whadule, We seek 10 compate (6,006, Cleardy, {uk) “ oGy fln 5.0} and
f(2.0) » & = Rxx-1) = Qxx-2) « Qrxo3) = . = [5,1)

_ Using recursion we caa comstruct he following table:

wk | 6 5 4 3 2 1 0
1 ) 0
2 1 o L8
) ] 0 3 2
4 1 2 6 ¥ 9
5 i D) 0| 20 | 45 | &
4 | 0 2] A0 | 105 | M | 268

Thereloer, tha protatibty we seek is 265/ 720 e 53104

@y

Weu¥aa™, a..v s s _go d uv‘.. . —..-
7Y 31 Therstuie, v vy <4
Lorasaowe g 1o be formnt ons of 16 vortanes inust beae a difkenent sancle feom the other
T ISy schoctang v pocety for i bvws annd drawing the dovsete s G o [ Pnts, onceanwleanly
1 posaibie posans 1o the thud vorwn as one of the poasks o3 the Biior At crailed by the othes
i lposits of the dumtos. Tl nemuber of soch posats will ogeal the 2iniber of those v the punos
i Beveses the wiouted poinis Taheleng the goints AU, CO,EF A" R LD, E' sad I the problem
i w15 b tlan ol ddertifyisg 1he nangiacr ol dullerest armanpescks poaable altor chogsmg the firs)
Pesr

AT Tl yeelds 198 - 29°Y 3600

LM w8 the licsd veruee shosen, Wieu e differees tiangies will come fenm AC, AL, AE and AF. The
pounts market with * wdl apgear as 1he thind vortex cliosen. The aqubis of triangles produced are
regwectively 12,3 a0d 48 21014l of 10 iocluding point A. Thew are 16 wilferem tansles including
oot K sunce puials Aaed IEcanaot fotim a wiangle 23 sy have 00 painti on ther wior are From
the 10 pusubic tiangies for point C, we niust eliminato any Ukal contain A and B Thcre wwonly the
| vz akcady courded by using A aed C. From ihe 10 includang point 1), weclimanate the 2 we counted
withi A aad Ih | we consned with D, Froes the 10 mctudieg E, we shminatc the 3 from A the 2 from
B, aad the | fom C Feus e 10 for poiat ¥, we cEminate all of shem s all interior poials on the
minoe a7¢s FA', FB°. I'C and FLY conlaan the * paints of A, B, C, snd D
Thuvelore, chere are 106 < (Vv Qv Lo b & o 109 = €0 = 20 w 30,

Thu plcture helow Gopacts (he Iriangdes constructahls USIRG polnls A asii 1D




Dear Math Team Coach,

January 10, 1996

Enclosed is your copy of the Fall, 1995 NYCIML contests that you requested on

the application form.

The following questions had different answers than the given one or were eliminated from the

competitions.
Question

Junior F95)15 was eliminated

FO5J18 was eliminated

Have a great spring term!

Correct answer :

You cannot get a remainder of 3 when
dividing by 3.

| should have read "a +b, b + ¢, and
a + c are all greater than 0". Otherwise
imaginary numbers could be considered.

2

-

1627 + 8143

It should have read " a and b are rational".
The correct answer would then be (3, 1).
Otherwise there are infinite solutions.

Sincerely yours,
Richard Geller

Secretary, NYCIML
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