NEW YORK CITY INTERSCHOLASTIC MATHEMATICS LEAGUE
SENIOR E DIVISION CONTEST NUMEER ONE FALL, 1388

Fart I3 1@ Minutes

F88E1. A parallelogram with twc adjacert sides of S and 7
has the same perimeter as a Square with sioge S. Campute S.

FBBEZ. If x « y = 12 ard xZ - yZ = 48, cocmpute x.

Fart II: 1@ Mirutes NYCIML CONTEST ONE FALL, 1988
F88E3. 1n the Erarnx Zac, the ratic of snakes to lizards is
3:2, and the ratic of lizards tc morikeys is 533, Compute
the ratic of srakes to morikeys.

FB88E4. If sir x = 3/5, compute the riumerical value of
cos Ex.

Fart III: 1@ Minutes NYCIML CONTEST ONE FALL, 1388

F88ES. Ir a sequerce of niumbers, the first number is Z ard
the secord riumber is 1. Each term after the seccrd is
foermed by adding together all the previocous terms of the
sequence. What is the rirth term of the sequerce”?

FB88B6. 1f logB 12 = b, express ir terms of b the value of

lc-g8 3.
ANSWERS
i. 6 3. S:2 S. 132
or equivalert
2. 8 4, 7/25 o .28 6. (3b~2)/3

or equivalent or equivalert



NEW YORK CITY INTERSCHOLASTIC MATHEMARTICS LERGUE
SENIOR E DIVISION CONTEST NUMEER Two FALL, 1438s

Fart 1: 1@ Minutes

Fa88r7. 1f, fcr all real numbers g Fix) = x/2 - 3, compute
the riumerical value of F(F{(f(8))).

F88E8. Ccmpute the rumerical value of

3 3
¢ VVER +« V3 ¢« JYvEe - /3 ).

Fart 11: 1@ Mirnutes NYCIML CONTEST TWO FRALL, 19&8
FB8E3. Find all real riumbers x such that x + Vs = 3132,

F88Eki1@a. Or a rectangular ccordinate system, The pcirt P has
cacrdirates (4,3), arnd the peint @ has coordirates {3,1).
Find the ccordinates of either of the twa points or the lire
Y = % which is twice as far from paint P as pceint Q is from
pcaint B,

Fart IIl: 1@ Mirutes NYCIML CONTEST TWOo FALL, 1388
F88K11. A bisector of an interior angle of a rectargle
divides the side it intersects irntc twa segmerits of lergth
12 arnd 6. Find the largest possible value for the perjmeter
«f the rectargle.

F88EB1Z. Compute the numerical value of

leg 1/2 + log 2/3 + log 3/4 + log 4/% + . . . + lag 397120,

where the base of each lagarithm is 1@,

ANSWERS
7. —4.25 or 3. 3 11. e@
equivalernt
8. 3 1. (3 + V3, 3 « V3 12, -2

or (3 - V3,3 - V3)
se® sclution for
required fcrm of answer.



NEW YORK CITY INTERSCHGLASTIC MRATHEMHATICS LEAGLE
SENIOR B DIVISION CONTEST NUMEER THREE FRLL, 1388

Fart I: 1@ Mirutes

F88K13. Compute the riumerical value of ,25@0.5 &« 2, ea@1@. =S,
F88ER14. The median of a trapezoid is 12 units long. It is
divided by ore of the diagorals of the figure intca twe

segments, crne of which is twice as large as tne cther. Find
the lerigth of the larger base of the trapezcid.

Fart II: 1@ Mirutes NYCIML CONTEST THREE FALL, 1388
FBBEIS. If r and s are the rccts aof xZ — 7x + 11 = @,
campute the rumerical value of 1/r& « 1/s2,

FB88E16. A mediar of a triangle is equal ir lergth tco tne
gecmetric mean of the lerigths of the sides that include it.

If these two sides are 7 and 1@, find the length of the side
of the triargle ta which the median is drawn,

Fart III: 1@ Mirutes NYCIML CONTEST THREE FALL, 1388

FB88BR17. The sides of a parallelcogram are 18 irches and 1&
inches. The smaller altitude of the parallelagram is 9
inches. Find the inch-length of the longer altitude of the
parallelcgram.

F88E1B8. A trairm to Rlbany was delayed at Grard Cerntral
Statiorn for six minutes. The engineer made up for the delay
by increasing her speed by 4 miles per hour for a distarce
of 36 miles, and then resuming her ricrmal speed. What was
this normal speed, ir miles per hcur?

ANSWERS
13. @.6 or 1S. 2877121 or 17. 13.% or 2772
equivalent squivalent {inches)
14. 16 16. 3V2 or 18. 36 [(miles

equivalent per hourld



NEW YORK CITY INTERSCHOLASTIC MARTHEMATICS LEAGUE
SENIOR B DIVISION CONTEST NUMERER FOUR FALL, 13886

Part I3 1@ Miriutes
F88E13. The nth term in the sequerce ar, is defired by

ay, = 1 « (=1)"*1, Fird the sum cf the first twerty terms
of this sequerce.

F88K2G. A regular dodecagon (regular 1&-gor) is inscribed in
&4 circle of radius 18, Coampute the area of the dcdecagor.

FPart II: 1@ Mirutes NYCIML CONTEST FOUR FRLL, 1988

FB8EZ1. Find a real value of a so that the simultariecus
equations x + 3y = 7,

3% - ay = 21 have infinitely mary sclutiorns ir
commors (for x and y).

F88FZ2. In right triarngle REC, CM is the mediarn to
hypcteriuse AR. IF angle A measures 6@ degrees ard AR = 12,
compute the distarnce from paint B to lire CM.

Fart 111: 1@ Minutes NYCIML CONTEST FOUR FALL, 1388
FBBE23. 1f 8ir2 x - cos? x = 2/3, compute the numerical
value of sin® x - ccs® x.

F88EHz4. Two circles are tangent externally, and the sum of
their areas is 1321Y square inches. If the distance betweer:

their centers is 14 inches, find the number of irches ir the
lerigth of the radius of the larger of the twe circles.

13. Ze £1. -9 . 23, 2/3

2e. 432 zz. 3v/3 z4. 11



NEW YGRK CITY INTERSCHOLASTIC MATHEMKTICS LEAGUE
SENIOR B DIVISION CONTEST NUMERER FIVE FARLL, 13748

Part I: 1@ Mirutes

F88B25. 1f z = 8, compute the numerical value of

l z4/3 )-3 ( z1/6 ’—e

FBBEZ6. Find the smallest integer value of x for wnhich
x=3) (x~7) & S(xn-2).

Fart II: 1@ Mirutes NYCIML CONTESY FIVE FALL, 1388

F88EZ7. Fcr all real riumbers x and Ys with y';ﬁ'@, the
furctior f(x) satisfies the condition fix/y) = f(x) + fly).
Compute the numerical value of f(11).

FB8EE8. Line XY is targent to circle 0 (with cernter O) at
paint X and to circle F (with center F) at pcant Y. The
radii of the circles are Sy and 8, respectively, and pcints
O and P are both on the same side of line XY. If XY = V7,
Campute the lermgth of OF.

Fart IIl: 1@ Minutes NYCIML CONTEST FIVE FALL, 1988
FB88E23. Ter percent of 3 is 3 percent of what number?

F8BE3Q. 1Iri a rectangul ar ccordinate system, a tarigent from
the pcaint (24,7) to the circle whose equation is

%2 + y2 = 402 has a point of tangency at (a,b), where b is a
positive real rnumber. Compute a.

5. 1/32, or 27. @ 23. 1@
equivalenrt

26, 3 z8. 4 3e. 1z



NEW YORK CITY INTERSCHOLASTIC MATHEMKTICS LEAGUE
SENIOR B DIVISION CONTEST NUMBER ONE FRLL, 1388

SOLUTIONS

F88EH1. Sirce cpposite sides of a parallelcgram are equal,
the perimeter of the parallelogram is S5+7+5+7 = 24. Sipce
the fcur sides of a sqQuare are equal, the side of the square
ie 24/4 = 6.

F88E2. Using the fact that xZ - y& = (x+y) (x-y), we car
write 48 = 1S {(x-y), or x-y = 4, Now we have the
simultanecus equaticng w+y = 13, x - Yy = 4, which have the
sclution x = 8, y = 4, :

FBBE3. The ratioc of sriakes tc lizards can be writters as
1531@, while the ratic of lizards to mcnkeys carn be writter:
as 1@:6. Frem this it is clear that the ratic of srmakes to
marikeys is 15:6 or S:3.

FB88E4. We have ccs Ex = 1 ~ 2 sin 3 = § - 2(3/2%) =

1 - 18/85 = 7/&5.

FB8ES. The sequence begins: &, 1, 3, 6, 12, =24, 48, 96, 13z,
and each successive termis easily seen to be twice the
previcus term. Herice the sum of the first eight terms is
simply the riirith term, which is 192.

FB88EH6. We have logg Z
lagg 4
lcgg 3

= 1/3,

= logg 22 = 2 lcgg 2 = 2/3,

= logg 1&/4 = logg 12 - lopgg 4 =
= h - 2/3 or (3b-2)/3.



NEW YORK CITy INTERSCHOLASTIC MATHEMATICS LEAGUE
SENIOR & DIVISION CONTEST NUMEBER TwWwlO FRLL, 1368

SOLUTIONS

FBBE7. If f(x) = /&8 - 3, f(8) = 4-3 = 1, F(F(B)) = fF(1) =
= 1/28 - 3 = ~2,5, and f(Ff(f(B))) = -1,.285 - 3 = —4,8% co
-17/4.

FBBES. We have (3V V38 « VI oW Ee -vV3) =
3 v/tvﬁa «+VHV3@ - V3 =3V aa-3= 3V z7 = 3

F88E3. Letting vy = V¥, we have y& + y = 12, ar y@ + y - |
= (y +4)(y=-3) = @, from which y = 3, -4. Then V¥ = 3 cr -4,
and the seccord value is extrarnecus. We are left with Vx =
3; or x = 3,

o

-

F88B1@. The distarnce between points F and Q@ is VZ (a diagram
shaws this quickly). Herce we need a point whose
cacrdinates are equal, arnd whose distarce to the paint (4,2)
is 2vE. If the cccrdinates of such a point are {cy,c); then

we have (€-4)8 + (c-2)2 = (2vVE)& = B8, or c& - 6c + 6 = @.
The roots of this equation are 3 + V3 and 3 - VS, so the twa
paints are either (3 + V3, 3 « V3 or (3 - V3,3 - V3.

Either answer is acceptable, so long as it is writter as ar
crdered pair.

F88E11. There are two possibilities, irndicated by the
fallawing two diagrams:
A 12 X ¢ !

A 6 X ra. 3

<
D
In either case, triangle RDX is iscsceles, sc that we can
compute the smaller side. The perimeter of the first
rectangle is 48, while that of the seccrd rectangle 18 6@.
The largest possible value, ther, is 6@.

F88Bi12. The giver expressicr is equal tc
leag 1 - leg 2 + log & - lag 3 + log 3 - log 4 +
+ . . . + lag 39 - log 108,

This sum "telescopes”: adjacert terms carncel cut, to give a
firal sum of log 1 ~ log 102, Sirice the base of each
lagarithm is 1@, this expression is equal tc @ - & = -2,



NEW YORK CITY INTERSCHOLASTIC MATHEMRATICS LEAGUE
SENIOR E DIVISION CONTEST NuUmMEER THREE FRLL, 1338

SOLUTIONS

FB8E13. We have .25%.5 = V25 = .5, while @.22019.25 =

= 4/.a001 = 0.1. The sum of these two rnumbers is Q.6 cr
.6.

F88K14. The diagoral of a trapezaid
divides the figure intc twa triarngles. g

The segment of the mediarn of the Z /////7\\\\
trapezaid which is contained in each : 9] g
triangle is the segment cormecting the

midpaints of twc sides of the triangle. [/////> I'g *\\\\\

This segmenit is thus half the third side
(arid parallel tc the third side). Siwvce
the segments here are 8 and 4, the

larger base is 16,

FBBE1S., We have 1/r2 + 1/82 = (r2 +« &) /rSs@, Now rs& =

118 = 121, while rZ + 82 = (res)@ - 2rag = (§7)& - 2-11 =
= 49 - 22 = 27. The required value is thus 27/121.

F88E16. If we exterd AM its cwn length
ta D (see diagram), ther AM = Vv 78, so
AD = 2¥/7@. Ther ACDB is a
parallelcgram, sc the sum of the squares
of the sides equals the sum of the
squares <«f its diagorials, or

ADZ + EC2 = ZAB2 + 2ACE., If EC = x, then
x2 + 280 = 238, ard BC = VI8 = 3V/Z.

Arr alternate sclutior might use the law

of casines in triangles AEC ard RBD,

salving for sides AD and EC. Since 8 Cc
arigles EAC and QBD.arc supplementary,
their cosirnes are cppcosite in sign but
equal in absclute value.

FB8E17. The ares of the parallelcgram i1s equal to the D
proeduct of anmy sice arnd the altituce ta that sige. It
follows that the shorter altitude correspornds ta the larnger

side, ard the area cf the giver parallelcgram is 3.18 = 16&
square inches. Herice the lornger altituoge is 162/12 = 13.5

inches, or 27/& inches.

F&8EK18. If the rormal speed was x (in miles per hour), then
the "wicrmal time” irm is 36/x hcurs, and the time the train
actually took is 36/(x+4) + 1/1@ hcaurs (since 6 mirutes is
1/1@ hourd. . These twc times must be equal, so that

36/x = 36/(x+4) + 1/1@. Sclvirng for x, we have:
36Q(x+4) = 36@x + x(x+4), cr 1448 = xZ. « 4x, cr NS + 4x — 1440

= {(x + 4@ Y{x — 36) = @, sa that x = -4@ or x = 36. The
firet scluticon is extrarecus.



NEW YORK CITY INTERSCHOLASTIC MATHEMATICS LERGUE
SENIGR E DIVISION CONTEST NUMERER FUUR FRILL, 1788

SOLUTIONS

F8B8R19. By computing the first few terms cof the sequerce, it
is easy to see that the €V@Nrumbered terms are zerc ard the
084 rumbered terms are . The sum of the first twerty
terms is thus Z0.

Faskza, If we "slice” the dcdecager
intc twelve isosceles triangles, we find
that the vertex argle of each iscsceles
triangle is 3@ degrees (see diagram).

We cari fird the area of each "slice" by
drawing an altitude to the leg of the
iscsceles triarmgle. This forms a 30-60-
9@ triangle, whose hypcternuse is a
radius of the circle, cr 12. Thus the
altitude is half the hypoteruse, or 6,
the area of the triargular slice is
(1/2)¢1&)(6) = 36, and the area of the
dadecagers is 1236 = 432,

-

F88EZ1. Multiplying the first equation by 3 gives

3x + %y = 21, If we chocse a = -3, the seccrd equaticon is
identical toa this, and the twa fguations have infinitely
maryy scluticonms irn cammor. It can be shown that this is the
only such value fcr a.

FB88B2Z. The mediar tc the hypotenuse of a right triangle is
equal to half the hypctenuse. Therefore (see diagram),
angle MCE = angle ABC = 32 degrees, and triangle BXC is a
3@-62-3@ triangle, sc EX = BC/2 = (1/8) (VI/2) (AK) = 3V3.

F88E23. Factoring, we have sin® x — cos® x =

(8inS x + cosZ ) (BIin€ x — caos® X) = 1. (gind x - cos x) =
=2/73.

FB88BZ24. 1f the radii of the two circles are r and s, then
the distarnce betweer their certers 1s r + s = 14, Sirnce the

sum of the areas is 1381Y, TYrZ + €82 = 132 11, sc rZ + &
= 13@. Squaring the first equatior gives r& + g2 « Zrs =
196, and subtracting the secord squation gives Srs = 66, or
rs = 33, Sirce » + 8 = 14, r and s are rocts of the
equation x& ~ 14x + 33 = (x ~ 11)(x -3) = @, s x = 11 cr 3.
Thus r and s are 11 and 3 (in scme corder), and the radius of
the larger circle is 11.



NEW YORK CITY INTERSCHOLASTIC MATHEMATICS LEAGUE
SENIOR B DIVISION CONTEST NUMEER FIVE FALL, 1988

SOLUTIONS

FB8BES. wWe have:

3 -
( 2479 ¢ 21/6 ) = 2=4/32-1/3 = 2~S/3, Sirice

I

81/3 =a 2, 85/3 a 2-5 = 31/32.

= 1@x  + 21 (= 5% - 1@
- 15x + 31 (= @

FB8BEZ6. We have: &

T4
If we lcck at the graph of the function y = %2 - 185x 31,
we find that it is a parabola cpening upward. The quadratic
formula gives its twe rocts as

x = asT ez , or approximately (15 * 12)/2, which
are twa numbers very close to &s/2, S/2. The shape of the
parabola tells us that the function is negative Detwegn the
two rcots, and positive outside. The smallest integral
value lying between the two roots is 3.

F8BB27. If we let x = @, ther the given condition on f reads
flasy) = F(@) + fily), or f(@) = £ (@) + fly). Subtracting
(@A) from wach side (whatever value it may have) gives f(y)
= @, Since this is true for all y# @ (in particular, for
Yy = 11), we must have f(11) = a.

Must (@) = @ as well? wWhat Can you say about fix) if x is
ngt arn integer? What kind of function is this, anyway?

F88B28. It is clear that OX and PY are both perpendicular to
XY. If we draw 02 parallel to XY (see diagram), then, in

triangle OZP, OP2 = 022 + PI2 = 7 + (BY - ZV)2 m
=7 + (PY - 0OX)2 = 16. Then OF = 4,

]
\

3

-

FB88EZ3. Ter percert of 3 is (1/71@)(3) = 3/19. Ther, 1f x is
the required rnumber, 3Ix/10@ = 9719, sa x = 1.

Trying a related problem with the rnumber 5 replaced by 3@
will give scame insight intc why this wWorks.

FBBE3Q. Sirce 0T is a radius of the givern circle (see
diagram), OT = V4@@ = 20. Since 00 = 24,, and FQ = 7, ar
applicaticn of the Fythagorean theorem to triangle OFQ shcws
that OF = 2%, Then, if angle FOG = €y and angle TOP = g, e
Can write argle TOQ = c + d, and OX = a2 = OT cos (c+d). Now
cos © = 0Q/0F = 24/85, cos 0 = OT /0P = 2a/2S, and it ig rot
Nard to see then that sinc = 7/25, sin g = Is/as

Herce cos (c+d) = (24/2%) (2Q/28%) - (7/2%)(1%/2%) = 3/3, and
OX = Z@(3/%) = 12,




