" AN\ New York City
\AN/  Interscholastic Mathematics League

SENJOR B DIVISION

Part I Times 11 Minutes Contest Number One Spring, 1987

S87B1. Sesame Street runs for 25 blocks. There is & single street sign at
each intersection of Sesame Street with another street, including the
beginning and end of Sesame Street. How many street signs are there which
identify Sesame Street?

S87B2. In triangle ABC, AB = 6, AC = 7, and BC = 8. Points X and Y are
chosen on side BC such that BA = BX and CR = CY, Compute the length of
line segment XY.

Part 11 Time: 11 Minutes NYCIML Contest Number One Spring. 1987
§87B3. If a, b, c, and d are consecutive positive 1nt¢uors. and

2.8 *¢ ,

b b d , . compute d.

S87B4. In a certain isosceles triangle, the median drawn to the base is
equal to half the base. Compute the sine of the vertex angle of this
triangle.

Part II1 Time: 11 Minutes NYCIML Contest Number One Spring, 1987

S87BS. Find all real numbars x such that x - 1 is the reciprocal
(multiplicative inverse) of x + 1.

S87BE. Find a two-digit number (in decimal notation) such that the sum of
the digits is 12, and {f the digits are reversed, the number is incressed
by 75%.

ANSWERS
1. 26 3. & s, $V2 (both values required)

2. s 4 1 . 6. 48



/N New York City S
NANS  Interscholastic Mathematics League

SENIOR B DIVISION

Part 1 Time: 11 Minutes Contest Number Two Spring, 1987

S87B7. Mary biked to the park at a constant rate of 10 miles per hour, and
rode back by bua at a rate of 40 ailes per hour. Sue rode har motorcycle
to the park and back, along the same route as Mary, and her ride took the
the same amocunt of time. If Sue rode at a conatant rate, coapute this rate
in ailea per hour.

S87B8. On hypotenuse AB of right triangle ABC, point D is chosen soc that
CB = BD. If m(B = 42°, compute the degree-wmeasure of angle ACD.

Part 11 Time: 11 Minutes NYCIML Contest Nunb.r Two . Bpring. 19.1

S87B9. Find th. least positive integer uhi:h is groator thlh 1 .nd nhteh
leaves a remainder of | when divided by 12 and by &2.

S87B10. In triangle PQGR, m<P = 80° and m<Q = 10°9. MNedian RN is 10 inches
in length. Froas point N, perpendiculars NX and NY are drawn to PR end QR
respectively. Coapute the length of line segment XY.

Part 111 Time: 11 Minutes NYCIML Contest Number Two Spring, 1987

S87B11. How many integers x are there such that 1000 ¢ nl 10008, ant % is a
perfect cube (the cube of some other integer)?

S87B12. In a certain isosceles triangle, the length of the base and the

median to one lgg are equal. Compute the cosine of the vertex angle of
this isosceles triangle.

8. 20 or 28° 1. 10 : 12. 374



New York City

Interscholastic Mathematics League
SENIOR B DIVISION

Part 1 Timer 11 Minutes Contest Number Three Spring, 1987

S87B13. Find all real numbers x such that
log x
2 4 = 16.

S87B14. Ore side of an equilateral triangle is 12. The triangle is
inscribed in a circle. Compute the length of a side of a square inscribed
in this same circle.

Part 11 Time: 11 Minutes NYCIML Contest Number Three Spring, 1987

S87815. The average of three numbers is 36. If two of the numbers are

doubled, the average of the new set of numbers is 49. Find the third
number. - R .-

S87B16. Al can choose one of three days to teke a math teat. " He alwaya
falla auch tests if it rainsa on the day he takea thea, and he always passeas
such teats i1f it does not rain. Weather forecaats predict that the chance
of rain is 1/3 on each of the three days Al can tske the teat. Wwhat ia the
probability that Al will be able to pasa the teat, if he waita for the beat
poaaible day to take it?

Part 111 Time: 11 Minutes NYCIML Contest Number Three Spring, 1967

S87B17. If a + i/a = 3, compute the numerical value of af + 1/42,

Sa87818. On a rectangular coordinate system, point A has coordinates (3,8)
and point B has coordinates (8,3). Point P has coordinates (k,0), and the
sum AP + BP is as small as possible. Compute the numerical value of k.

13. 256 15. 69 ’ 17. 7

14, a6 16. 26/27 18. 73/11



New York City
Interscholastic Mathematics League

SENIOR B DIVISION
Part I Time: 11 Minutes Contest Number Four Spring, 1987

S87B19. How many positive integers are divisors of the integer 392
(remember that 1 and 392 are both divisors of 392)° o

§87B2@. In an isosceles triangle, the length of the base is 30, and one of
the legs is 17. Find the area of this iscsceles triangle.

Part 11 Times 11 Minutes NYCIML Contest Number Four 8Spring, 1987
S87B21. Find all integers x such that (2/73)%e(9/8)% = 27/64.

sa87B22. Find all real numbers x such that Ix + 31 ¢+ Ix - 1| = 6.

Part 111 Time: 11 Minutes NYCIML Contest Number Four 8pring, 1987

§87823. Find all real numbers x such that:s

Vo7e + Y2x79 + /8 = 1/12.

S87B24. If x is a real number such that sin x ¢ cos »x = 1/5, compute the
numerical value of sin x.

ANSWERS
19. 12 21. 3 23. 1/338

20. 120 22. -4,2: both 24, -264/85
required



New York City o
Interscholastic Mathematics League

SENIOR B DIVISION
Part 1 Times 11 Minutes Contest Number Five Spring, 1987

S87B2S. In an isosceles triangle, the length of base AC is 30, and the
altitude to leg BC is 24. Compute the length of BC.

S87B26. Find all ordered pairs (x,y) of real numbers such that

xY=2 = 4, and x2Y=3 = 64,

Part II Time:s 11 Minutes NYCIML Contest Number Five Spring; 1967

S87B27. What is the average (arithmetic mean) of the degree-seasures of the
interior angles of & (convex) hexagon?

387B28. Compute the smallest ngg;;;;._;nsgggg value of x such that
x2 - 8x - 2 > O,

Part 111 Tima: 11 Minutes NYCIML. Contest Number Five GBpring, 1987

S87B29. Find all real numbers x such that logx + looau - S/

Sa87830. The integer 999,999, 995,984 can be factored as alb.pd.cc.dee-f,
where a, b, c, d, ®, and f are distinct prime numbers, and a{b{(c(ace(f.
Compute the numerical value of f.

ANSWERS
2s.. 2% 27. 120 or 120° 29. 4, V21 both required

26. (4,3) 1ordered 20. 9 30. 601
pair required



NEW YOhK CITY INTERSCHOLASTIC MATHEMATICS LEAGUE
Spring, 1987
Senior B Division Contest Number One

S87B1. There are 26 streets dividing the 25 blocks that Sesame Street runs,
so there are 26 street signs identifying Sesame Street.

G8782. We have XC = BC - BX = BC -~ BA = A
.8-6.2,
BY = BC - YC = BC -~ AC = 8 - 7 = {.
Hence XY = BC - BY - XC = 8 - 3 = S, G Ky
S87B3. Let a = %, b = x+i1i ¢ = X+2, d = x+3. Then
X . xR, 2R ® c
x+1  x+1 x+3, or Y *

X(x+2) (x+3) = (x+1)2(x+2). If x = -2, the numbers a, b, c, d are not
positive integers. Hence x + 2 ¢ @, and we can divide by this quantity,

to get x(x+3) = (x+1)&@
: %8 ¢+ 3x = x2 ¢ 2x + i, and x = 1., The numbers a, b, ¢, d are 1,

2, 3, and 4, and d = &,

C
S87B4. Since CT = AT = TB, points
A, C, and B are on a semicircle with AB
as diameter. This makes the triangle a
right isosceles triangle, with (C = 909, A T 0

The sine of 90° is 1.
S87BS. We have (x=1)(x+1) = 1, or x2 = 1 = 1, or x2 = 2, and x = - +V&,
S87B6. If the tens digit is t, and the units digit is u, then t + u = 12,

and 10u + ¢t = (7/4) (18t + u). Solving simultanecusly, we find u = 8 and
t = 4, The original number is 48.



NEW YORK CITY INTERSCHOLASTIC MATHEMATICS LERGUE
Spring, 1987
Senior B Division Contest Number Two

S87B7. If the distance to work is dy then the woman spent d/1@ hours
travelling to work, and d/4@ hours travelling from work. The total tinme
sperit travelling is then d/10 + d/4@. The average rate for the round trip
is the total distance divided by the total time, or (2d)/(d/10 + d/49) =
80d/5d = 8@/3 = 16 miles per hour.

Note that the average rate does not depend on the distance travelled: this
rate is called the harmonic mean of the two original rates.

887B8. In isosceles triangle BCD <
(see diagram), (BDC = (BCD = 7@9,
80 (ACD = 90-70 = 2@°,
O
A ©

§87B9. If the required intng.r is N, then N-i is the least common multiple
of 12 and 42. Since 12 = 22.3 and 42 = 2: 37, the least common multiple is
22.3.7 = g4, and N = gs.

RXMY is a rectangle. Hence
diagonals MR, XY are equal,
‘and XY = {Q, % ?

¢
S$87B10. Since (GRP = 92°, quadrilateral 4 4
R

S87B11. First note that 1000 = 103, so this is the first cube in the given
range. Since 213 = 9261 and 223 = 10648, 213 is the last cube in the given
range. Thus there are 21 - 18 + | = 12 guch cubes.

S87B12. If the triangle is ABC, we draw altitude CH. Then AH = AB/2,

Since the altitude to the base is also a median, and since the medians of a
triangle divide esach other in the ratio 211, AE = (2/3)AM = (2/3)AB.
Finally, (ACB = (MAB (since triangle RBC, ABM are similar), and cos (ACHB =
cos (MAB = cos (ERMH = AMHIAE. This ratio is (1/2)RB1(2/3)AB = 1/2 3 2/3 =
3/4.



NEW YORK CITY INTERSCHOLRSTIC MATHEMATICS LEAGUE
Spring, 1987
Senior B Division Contest Number Three

S87B13. We have:
logax
2 = 16 = 2%, g0 logax = 4, and

n = “6 = 256.

S87B14. The center of the circle

circumscribing an equilateral

triangle is also the intersection 2
of its altitudes. By examining the /
30-60-90 triangles in the figure,

we find that this radius is &v3.

The side of a square inscribed in ¢
a circle of radius r is rv2, which

here is 4VEVE = &vE.

S87B1S. The sum of the three numbers is three times their average. Hence,
if the numbers are a, b, and ¢, themn a + b + ¢ = 36:-3 = 108, and from the
conditions of the problem, we find 2a + 28b + ¢ = 49-3 = 147, Doubling the
first equation and subtracting the second gives c = 69.

Note that the first two numbers are not uniquely deterwined.

S87B16. The probability that it will rain all three_days, and hence that Al
will fail the exam no matter what he does, is (1/3)3 = 1/27. Hence the
probability that it will not rain on at least one day is 267 27. 1If Al
waits for the first fair day, this will be the probability that he will

pass.
887817, ‘We haver (a + 1/a)2 = 9 = a2 + 2 + 1/a2, s0 a2 + 1/a2 = 7.

887818. If B! = (8,-3)-$e the reflection of B in the x-axis, then A, P and
Bf ud@E;ﬁiféotf{puiﬁ} -Thus-the-slope of line APB? must be constant, or
-0 =9 - (=B
3k k-8 , or9=-3ks= B8k -~ 64, and k = 73/11.

To see that P is indeed iinimal. select any point P on the x—axis, and
note that APl + PIB = AP! +PP? ) AB!, since the sum of two sides of a
triangle is greater than the third side.

A(sY)

(o) L"A})

'l cl("’})




NEW YORK CITY INTERSCHOLASTIC MATHEMARTICS LERGUE
Spring, 1987
Senior B Division Contest Number Four

S87B19. The number 392 factors into primes as 23.72, Any factor of 392
aust be made up of fewer than four factors of 2 and fewer than three
factora of 7, and such a deacription uniqualy determinea each diviasor.
Thus in foraing a divisor, there are four posaibilities for the nuaber of
factors to 2 to contribute, and 3 posaibilitiesa for the number of feactora

of 7, making 12 possiblities in aeall.

S87B20. In right triangle ABT, hypotenuse AB = 17, and BT = BC/2 = 15, so
AT2 = AB2 - BT2 = 289 - 225 = 64, and AT = 8. Then the area of the triangle

is 8-30/2 = {20.

The value of AT could also be found by noticing the Pythagoresan triple
8-15-17 in triangle RBT.

$87B21. We haves ' A
a:' 2x - gZ
3x 23 64 , or
] 14 (-
gi*' 64 , and 64-3X = 27.2X, 3o that x = 3. b T

S87B22. We distinguish three cases:
(i) For x ) 1, we have x+3 + x-] = §, or ex +*2 = &, and x = 2,
(ii) For =3 (( x ( 1, we have x+3 + 1-x = §, which has no solution.
(1i1) For x ( =3, wa have =x=3 ¢+ 1-x = &, or =2x = 2 = 6§, and x = =4,
887B23. The given equation can be written as

VR vBIZ 4 MR- V273 + YR V274 = 1/12, or

6vEx + 4vBx + 3vBx = 1, or 13V8k = 1, and VBx = 1/13, so x = 1/338.

§§§§é§;-s;u;;ing the given relationship gives:

8infx + 2 sin x cos x +cos? x = 1/25,
or 1 + 2 sin x cos x = 1/29, and 2 sin x cos x = gin 2x = -24/28,



NEW YORK CITY INTERSCHOLASTIC MATHEMATICS LEAGUE
Spring, 1987
Senior B Division Contest Number Five

387B2%. The Pythagorean theorem [}
in triangle ADC (see diagranm)

shows that DC = 18. Then, frosm D
aimilar triangle DAC, EBC, DC:AC = EC:BC,

or 18/30 = 15/BC, and BC = 25,

A t c

S87B26. Taking logarithms to the base two of each equation, we have
(y-2)logex = 2, and (2y=3)logax = 6,
Letting z = logax, and dividing the first equation by the second, we find:

Y=-2 -1
ey - 3 3,0r3y -6=2y -3, and y = 3. Substituting

shows that x = 4,

887B27. Since the sum of the interior angles of a hexagon is constant,
their average will be the value they would take on if they were all equal.
This is the size of an interior angle of a regular hexagon, or 120°,

387B28. The quadratic formula shows that the roots of the given equation
are 4 : 3vVZ. Since 3v2 ia about 4.242, the roots of the equation are
approxinately 8.242, and -0.242.

Mow the graph of the function Yy = 22 - 8x - 2 is a parabola with its vertex
pointing down, and the roots ere the xX-intercepts. Hence the value of the

function will be poaitive gutaide of the interval detersined by the roota.

The saalleat positive integer in thias region ia 9.

887B29. Since logy2 = 1/lcoggn, we can let u » logax, and u ¢+ 1/u = 2 + 1/72.
By inspection, u = 2, 1/2, and there can be no more than these two
solutions to the guadratic equatien in u. - o

Then logax = 2, and x = 4, or logax = 1/2, and x = V&.

$87838. The given integer is slightly less than 1812, ang is in fact equal
to 1012 - 4096 = 1012 -~ 212, This number factors as:

212(512 - 1), and

812 - 1 = (56-1)(56.1)
= (53-1)(53+1)(52+1) (54-52.1)
= (5-1)(524841)(S¢1)(S52-5+1) (52¢1) (54-5241)
s 22:31¢2:3:3:7:2:13-601.

hnﬁco the given integer factors as 23‘-33-7-13-31-601, and the largest
prime factor is 691.



