New York City
Interscholastic Mathematics League

Part 1 Time: 11 Minutes Contest Number One Sprang, 1987

S87Si. If x is a decimal digit, and the decimal numeral 19x83 represents a
perfect cube, find x.

S87S2. On a grand tour of Europe, Harry and Ruth spent the first Tuesday of
one month in London, and the firat Tuesday sfter the first Monday of that
month in Paris. The next month, they apent the fairet Tuesdey-an MEdrid, - ..

and the firat Tueaday after the firat Monday 4in:Rome, -In>what :mengh ~were
Harry and Ruth in London? (Spell out the month in giving your anawer.)

Pert 11 Time: 11 Minutes NYCIML Contest Number One Sprang, 1987
S8753. Compute logys sin 435060,

8$8754. In the state lottery, half the tickets will win some kind of prize.
Mr. Reutermen, & math teacher, sells bundles of tickets &t random, each
having the same number of ticketa. He cleims that if you buy one of his

bundlea, the probability of getting st least one winning ticket is greater
than .95. At leaat how many tickets must be in his bundlea?
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Part III Time: 11 Minutes NYCIML Contest Number One Spring, 1987
S87SS. Find all real numbers x such that 22X - 2X = 992,
S87S6. The sides of & certain triangle can be represented by x2 4 x + 1,

2x + 1, and x2=1. Find the degree-smeasure of the largest angle of this
triangle.

ANSWERS
1. 6 3. 1/3 S. S

2. February 4. S 6. 120 or 1200
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New York City
Interscholastic Mathematics League

Part I Time!: 11 Minutes Contest Number Two Sprang, 1987

S87S7. Find all resal numbers x such that
J]ax - 71 = x 4+ S.

S8758. 'Two machines are doing a certain job. The first aschine worked for
S hours alone, and the second for two hours alone. After this, they had -
coapleted half the job. They coapleted another 1/4 of the )ob by working
together for an hour and s half. The resatning Qquarter of the job-was- -
coapleted by the second sachine working alone. JMNow long did this second
sachine have to work alone to coaplete the last gquarter of the job?

Part II Time: 11 Minutes NYCIML Conteat Number Two Sprang, 1987

S8759., If f(x) = cos x + jcos x|, for how many values of x is O & x & 2%
and £(x) = 17

887S10. In quadrilateral ABCD, RB}BC, AD|DC, angle BAD = 1035°, AB = 2, and
CD = 2/2. Compute BD (answer may be left in radical form).
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Part 111 Tine: 11 Mainutes NYC1ML Contest Number Two Spraing, 1987

$87S11. An urn contains twelve marblesa, of whach £fv. are white and the
rest black. Three marbles are chosen in succesaion, without replacesent.
What 1s the propability that st least one of these is black?

S87512. The function £(x) ia defined for all nstural nuabers by
£C1) = 1 and f(xpy) = f) $g)

Rﬂ+(g)
Find £(1987).
ANSWERS ’
7. 6, 1/2 : both required S, 2 11. 21722
8. 9/4 10. 2v2+2Y3 12. 171987
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New York City
Interscholastic Mathematics League

Part 1 Time: 11 Minutes Contest Number Three Sprang, 19&7

887513. In a certain math class there are 5 boys and 12 girls. Each boy
had an equal number of pencils, and the girls had no pencils at all. Then

‘each boy gave a pencil to each girl. After this, all the
students in the class had the same number of pencils. How many pencils did

each boy have to begin with?
S&87514. Points E, F, and G are midpoints of three adjacent edges of s cube.
If an eage of the cube 18 4, find the sresa of triangle EFG.
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Part II Time: 11 Minutes NYCINL Contest Nu-bcr Throo SPrzng. 1987

8$87S15. Faind the radian I..lut. of the canll.at po.xttvo x .uch thnt

“5 § "6 § =2 ] ) R R T

$87816. In triangle ABC, BT and CT bisect angles ABC, ACP respectively.
Points M on AB and N on AC are chosen such that MN is parallel]l to IC and
point T is between M and N. If MB = 6 and NC = 8§, compute the length of

MN.
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Part I11 Time: 11 Minutes NYCIML Conteat Number Three Spring, 1987

S87S17. Find the largest real value of ¢ auch that the equation

Yx/a 4 2 = c4v%74 - 3 hes at least one reel solution for x.

$87S18. If the real numbers X, y, and z satisfy x20 4~ y20 = 220, find the

mwllﬂ\" possible value of (xy/z2)20,

ANSWERS
13. 17 15. U 7. 45

a. 2¢3 16. 14 16. 1/¢



/N New York City ‘
\NAN/  Interscholastic Mathematics League

Part 1 Tame: 11 Minutes Contest Number Four Spring, 1987
X
S875:15. Find all real numbers x such that 3% = 3 + 23 .

S&7320. In parsllelogram ABCD, the bisectors ot interior engles ABC ana BCD
intersect on sic&« AD, between points A and D. Compute the rastio AB:BC.

Part 1II Time: 11 Minutes NYCIML Conteat Number Folir’' - Bpring, 1987

887821. A polyhedron whose faces are all convex polygons has five vertices.
What is the smallest number of faces that this polyhedron can have? (Ydu
may wish to use Euler's formula for polyhedra, which says that V ¢« F « E «

2y where V, F, and E are respectively the nunb.r-oi&t:f:::—:,fticos,“undf’
!dnq- of such a polyhedron.)

S587522. Find all ordered pairs (x,y) of real numbers such that

%2 4+ xy = 3, and
y2 + xy = 6,

Part 111 Time!: 11 Minutes NYCIML Conteat Number Four Spring, 1987

587523. Two hikers left an inn to climd & mountain. Thear trip up and down
the mountain took aix hours sltogether. Tney travelled the asme trail
going up ana cown the mountain. The trail, in each airection, somnetimes
weant uphill, aometimes downnill, and sometimes on level ground. The
hikers’ speeac going uphill wes 3 miles per hour. Going downhill it was 6
Riles per hour, and on level gound it was 4 miles per hour. How long, in
Rllea, was their entire rouna trap?

887824. Find the unique integer x such that x% ¢ 8x3 4 20x2 ¢ 12x ¢ 12
is a perfect square.

ANSWERS
19, 2 20. 1/2 21. S
22. (1,2):¢(-1,-2): both 23. 12 or 12 miles 2¢. 2

ordered paira required



New York City
Interscholastic Mathematics League

-~

rart I Time: 11 Minutes Contest Number Five Sprang, 1987

Se752%. An olid-fashioned toaster has room for exactly two slices of bread,
and 1t can toast only one sice Ot eech slice at & taime. It takes 30
seconcs to toast one si1de of a slice of bread. Wnat is the smallest numbder
ot secorcsa in which three alices o0t bread can be toastead (on both sices)?

Sse7sze. I a = vioee ¥ ¢ioe8 )
b= 23 {586-1988 L
c = 1987, o

arrange the numpers a, b, © i1n pncreasing order.

Part 1I1I Time: 11 Minutes NYCIML Contest Numper Five Spring, 1987
$87S27. Ms. Kaiser wants to select five students at random from her eln-s

of five girls and ten boys. What is the probability that exactl
the students she selects will be girls? Y y two of

S87528. The surface area of a sphere, in square units, is AW., while its
volume, in cubic units, is BT, where A and B are nntural nuabers between
1000 and 10000. Faind the radius of the aphere.

Part III Time: 11 Minutes NYCIML Conteat Number Five Spring, 1987

S87529. Fand the smallest integer which 1s larger than the sua

dravy thdh

$87S30. The radius of a sphere is 20 units. On the surface of the sphere
are drawn three circles, each tangent externally to the other two. The
radiua of each of the circlea is 10. A smaller fourth carcle 3s tangent
externally to sach of the other three. Compute the readius of thia fourth
circle.

ANSWERS

25. 90 27. 400/1001 29. 2

26. bp a, € 28. 18 30. 10 - 10-2,3
or 10~1846C
3
or ef;unmlevd"



NEW YORK CITY INTERSCHOLASTIC MATHEMATICS LEAGUE
Spring, 1987
Seniocr A Division Contest Number OUne

SOLUTIONS

S8751. We have $000 = R03 ¢ 19x83 < 27000 = 303, end if N3 ends in the
digit 3, N must end in the digat 7. Indeed, 273 = 19683, and x = 6.

S87S2. Both months begin on a Tuesday, which can only happen 1f the nuader
of daya in the firat month is @& multiple of 7. This can only happen if the
firat month is Februery (of & non-leap yeear).

S87S3. We have 43%0 = 12:360 4~ 30, ao sin 43500 = gin 30° = 1/2. Since
(1/2)>3 = 1/8, the given expression equals 1091/3(1/2)- 1/73.

$8754. 1f each bundle contains n tickets, then the probability of all of
thes being losing tickets is 1/20., This must be less than .05. By direct
computstion, we find that 1/249 = 1/16 = .0625 > .05, whale 1/29 = 1/32 =
0.0312% < .05, s0 there muat be at leaast five ticxets.

$8755. Let y = 2X. Then y2 = 22X, and y2 - y = 992. Solving this
quadratic, we find y2 - y -992 = (y-32)(y+31) = O, and y = 32 or -31. The
second root is extraneous, so y = 32 = 295, and x = S.

sa7s6. 1f a = x2¢ x +1, b = 2x 4+ 1, ¢ = x2- 1, then
cos A = (b1+c2-32)/2bc , and substituting the expressions in x for &, b,

and ¢, we find that _
coms A ® (-2x3-x2$2x+1)/(ax342x2-4x-2) = -1/2, a0 A = 1200,



NEW YORK CITY INTERSCHOLASTIC MATHEMATICS LEAGUE
Spring, 1987
Senior A Divaision Contest Number Two

SOLUTIONS

S8757. If 13x - 71 = x 4+ 5, then ix - 7/31 = x/3 + S5/3.

We distinguish
two cCases:

(1) x > 7/3: x - 7/3 = /3 4+ S5/3, and x = 6.
(11) x € 72/3: 7/3 - x = %/3 4+ 5/3, and x = /2.

S8758. Suppose the first sachine elone would need e hours to do the job,
and the aecond machine alones would need b hours to do the Jeb. Then we
have: S/ + 2/b = 3172

3/2a 4+ 3/2b = /4.
We need to find x, vhere x/b = 1/4.

Nultiplying the first equation by 2ab and the second by ¢ad, we find:
48 + 10b = ab = Ga ¥ 6b, which leads to a * 2b.
Then S/2b 4 2/b = 1/2, or 9/2b = 1/2, and 9/4b = 1/4, so x = 9/4.

S87S9. This problem ia most €asily done grephicelly.
the given function ias equa. to < coa XN.
given function is zero:

If coa x 1a positaive,
If cos x 18 nct positive, the

42 cosadfees n|

L1 {2) 4
ArP

" Thus

there sre two solutions, which occur when cos x = 1/2, or x = W /3 and
4% /73

587510. If we draw diagonal AC, and note that 103 = 60 + 4S, we can
conjecture that wm(BAC = 6@ and m(CAD = 45, If this is the case, then,
from 30-60-90 triangle ABC, and isosceles right triangle CAD, CD = AD =
ave, and AC = &, 8ince the values for AC agree, and since triangle ABD is

determined by the given information, our conjecture about the anglaes must
be correct.

Now we use the fact that quadrilateral ABCD can bi inscribed in a

circle, and BC = 23, Then, from Ptolemy's thoorbn.g:gnvg V2 + avE, and
BD = vé + V& (an alternative form of this answer is +v3).

That this solution is unique can be shown by calculating AD and BC in terwms
of AC, using the law of cosines.



S Sie

S87S11. The probability that each ball withdrawn will be whaite is
(D/712)(a/112(3710) = 1722, Hence the prooaoxlxty that not ali are unltc
(i.e. that at least one 18 black) 18 1 - 1/22 = 21722.

$87S12. We have:

1 = 1+ 1
£ (x+y) £(x) £(y)

for x, y rational and positive. Hence, if y=x,

—_—t =z 2

2(2%) £(x)
80 £(2x) = (1l/72)f(x).

Next we let y = 2x, so

—_—— = —_—ir = Ay 2 = 3
£(3x) - £Ax) £(2%) £ (%) £(x) £(x)

and f(3x) = (1/3)f(x).

It seems that f(nx) = (1/m)f(x), for natural numbers n. We can prove
this by an induction. We know the result is true for n = 1,2,3. Suppoae
it is true for (n-1). Then

—— = 1 4y i = D=} sl _-_D_

finx) £f(tn=-1>%) £f(x) f£ix) £(x) £(x)
and f(nx) = (l/n)f(x). Then f(n) = f(n)f(l) = (1/n)+1 = 1/nm.
Aa 8 footnote, we can ahow thet i1f x= &/b, for a, b integers, then

f(x) = f(a/’/b) = f(a-1/b) = (1/8)£(1/D) (since the argument sbove does
not really depend on x being
an integer),
and £(1/b) = b (this can be shown by another induction). Hence f(a’/b) =
®= b/a, or £f(x) = 1/x for rational x as well.
An extension of this result to the real numbers would involve an
assumption of continuity for the functioen.



NEW YORK CITY INTERSCHOLASTIC MATHEMATICS LEAGUE
Spring, 1987
Senicr A Divasion Contest Number Three

SCOLUTI1ONS

387313. After the pencils were given, each girl had five pencils, 80 each
boy also had five pencila. Since each boy gave away 12 pencils, each must
have had 17 pencils to atart with.

$87514. The triangle EFGC 1s eguilateral, since the faces of the cube are
ail congruent. Ita si1ce 18 Y&, 80 i1ts ares 18 8Y3/4 = 3.

8§87515. See problem §878S.
Let y = 4CO8 /3, Then y2- y = 2, and y = 2, -1. Hence
4C08 X/3 = 2 (since this expression cannot equal -1), 80 cos x/3 =
= 1/2, end x/3 = T./3, a0 & = T ..

S6751le. Sance MN is parallel to BC, <MBT = <MTB and <NTC = <NCT. Then
trianglea M3T, NCT are 1aosceies, a0 MT=MZ=zé and NT=NCs=8. Hence KN =
= MT % TN = 14.

A
M N
8 C
S875.7. Let y = ¥Yx/4 -3. Then y2 « 5 = c24 2cy ¥ y<, so
czb 2cy - 5 = O, anc y = (5-cR)/2¢c. For real solutions, this
expression must be non-negative, 80 C $'{’. 1t c = #’, we have y = 0O and

x = l2.

S87518. Squaring, we find x40 4 2x20y20 4 y40 = z40, or
z‘io s de YQO 2,(20),20
= (x20 - y20)2 +6x20y20' 80

423

a3
ey oop x -9
290/x20920 = 4~+K =5 f/ > 4 (since an even powver cannot be negative).
X -

€7

Hence (xy/2z2)20 ¢ 1/4. Equality holas 12 x = y.



NEW YORK CITY INTERSCHOLASTIC MATHEMATICS LEAGUE
Spring, 1987
Senicr A Division Contest Number Four

SOLUTIONS

S587519. Let y = ¥3. Then (F3)2% = 3 4 2(¥)%X, or y2- 2y -3 = 0, and
(y-3)(y+1)=0, so y = 3, -1. The second root is extraneocus, so ¥3X = 3, and

x = 2,

S87520. Since AD is parallel to BC, <ABT = <TBC = <ATbB. Similarly, <BCT =
= ¢ TCD = <DTC (compare problem S37S16). Hence triangles ABT, DCT are
isocsceles, and AB = AT, DC = DT. Since AB = DC, we have BC = AD = 2aB, ana

AB:BC = 1s2. (4

Note also that BT,ICT. A T D .

S$87521. Using Euler’s formula, we have V#F = k42, Here, V = 5, so E-F = 3.
Since there are only five vertices, tne feceas cen only be trianglea or
quacrileateresls.

First let us suppose the faces are all triangles. Let us count the
edges. There are three edges to each face, but this counts each edpe

twice: once for sach face it bounds. Thus E = 3F/2. Substituting in the
relationship E-F=3, we find F = 6, The solid composed of two regular
tetrahedra with a common face is an example of this sort of figure.

Suppose now that all but one of the faces are triangles, and the
anomolous face is quadrilateral. Then the polyhedron must be a pyramid
with a quadrilateral base, so thare are five faces. .

If two or more of the faces are quadrilaterals, there sust be at least
six vertices in the polyhedron.

887882? Adding the two given equations, we find x2 4 2xy 4 yZ =
s(xty)2 = 9, and x vy = £ 3. Subtracting the two equations, we find
y2-x<4 = 3, a0 (y4x)(y-x) = 3. Substitutang + 3 for (x4y) shows that
y-x = g2i1. Thias leads to two possible sets Oof siaultanecus equations.

(1) x¥y = 3 (11) xty = -3
y-x = 1, and (x,y)> = (1,2) - y-x = 1, and (x,y) = (-1,-2)

§87823. Each mile on level ground takes the hikers 1/4 hour to travel (each
way). Hence, on the round trip, they cover each level mile in 1/2 nour.

Eeach mile uphill (on the way out) takes 1/3 hour on the way up and 1/6
hour on the way down (aince an upnill on the way out will be & downnill on
the way back). Hence each such mile takes 1/2 hour.

Similarly, each mile downnill (on the way out) takes 1/2 hour for the
round trip. Hence, each mile of the round trip will take 1/2
hour. Since the hikers were gone € hours, they must have travelled 12
mnilea out and 12 back, or 24 miles sltogether.



F87524. The trick 18 to match the given expression as closely as possiple
with the square of a polynomial, and examine the result. Since (x24ax+4p)2
= x942ax3+a242b)x<42baxtb<, the given expression metches the

square of a trinomial pbest 1f &a * 4 snd b = 2 (we get this result by
comparing coetficienta). .

Then we can write the given condition as
(x24 4x +2)2 - q(x - 2) = y2,

(this process 13 similar to completing the square in oolvlﬂ “a qued

a quecaras
eguation). From this form of the problem, we asee 1n-cdxiti§?”tght x :z;
will give the expression the value 14Z = 196, '

To explore the possiblity or other solutions, we csn rewrite the given
exXpressior. as

(x24-4x + 2)2 - y2 = q(x-2).

Let u = x+2, so that y2 = (u2-2)2 - 4(u~4). We can then distinguish three

cases: : :
(i) Suppose u ) 4. Then we can show that (u-3)2 ( y2 ( (u-2)2. Thems since
y is included between the squares of two consecutive integers, it camnnot ’

itself be a perfect square.

Since u ) 4 by assumption, 4(u-4) ) 0, and y2 = (u-2)2 —4(u-4) & (w22,
Next we calculate the difference {a - (u2=3)2, and show that it is always
positive. This will prove that y2 > (u=3)2., We haves

y2 = (uUP=3)2 = (uB-2)2 - 4(u=-4) - (UB-32 = 2y = 5 = 4u + 16
= 2u2 - 4u + 11 = 2(u-112 + 9)0.

(ii) Suppose u ( —4. Then, writing v = —u, we will again show that y2
is contained between the squares of consecutive integers:

(a) y2 = (v2-2)2 + a(v+a), so y2 ) (v@-2)2,

(b) (v@-1)2 - y2 = 2(v-1)2 - 21, so for v )=5, this difference is

positive, and y2 ¢ (v@ - 12,

(114) For u = -4, -3, -8, -1, 8, 1,Q0or 3, a direct calculation shows that
no naw perfect squares are produced.



NEw YORK CITY INTERSCHOLASTIC MATHEMATICS LEAGUE
Spring, 19&7
Senior A Division Contest Number Five

SOLUTIOUNS

S§7525. There are six sides to be toasted, and each side takes 30 seconds,
80 the total time cannot be less then S0 seconds. This minimum can be
achievec, for instance, eas followa:

first 30 seconda: front of slice A and front ot alice B
midd.e 30 seconda: back of slice A and front of alice C
last 30 seconda: back of alice B ana beck of slice C.

S87526. Let x = v 1586, y = ¥ 1957. Then 8 = x+y, b = 2 ¥xy, and

c = 2¢¥(x2¢y<,/2, so
at = x2+ye*3xy-
pe = A4xYy
c2 = 2(x2ey2).

Hence cZ-a< = x?+y2-2xy £ (x-y)2 >0, anad ¢ > a.
Alsoc, a2-b2 = x24y2-2xy = (x-y)>2 > O, so & > b.

S87827. There are ('f) ways to choose a committee of five:r this number is

7-13-3-11. There are (i) = 10 ways to choose the girls, and (g = 53-8

ways to choose the boys. The probability is thus

ad-0-19 490
7-13-3-11 = jee:r .

$87S26. Let the radius of the sphere be r, and note first that if A and B
are natura. numbers, then so 1is Ir. Now

1000 € 4r2 < 10000, so 250 & r2 & 2500, snd 15 < r & 50.
Also, 1000 ¢ 4r3/3 ¢ 10000, so 750 « r3 & 7500, and 9<r(20.
Hence 15 ( r ( 20. Since r muat be @ multiple of 3, r = 18.

S87529. Clearly, the aum 18 grester than 1. But 1s 1t as much as 27 The
answver 18 no.

Note that 1/1<4 ¢ 1/1-2
1722 ¢ 1/72-3
1/32 ¢ 1734

1/n2 ¢ 1/n-(n-1).

Hence the required sum is less than
S = 1 41/1:2 41/2:341/3-4 + ... +1/49:50

= 1 € (171 - 1/2) +-(1/2 - 1/3) 4 (1/3 - /4> ¥ . . . 4= t1/50 - 1/49) *
£ 1 41712 - 1/50 = 2 - 1/50, sand the next higher integer is indeed 2.

The “telescoping sum"” S can eesily be gueased by computaing the first few
terms and noting the pattern.



SE€7I7¢. The key to this prob.em 1% to take ditterent planar cross sections
of tne figure.

-

Let the centers of the three egqual circles be C1., 02, 03, let the center of
the fourth circ.e be O4, and let the center of the sphere be 0. Note that
O 1= equicistart 21rcm eny point on any of the circlea, so 00, a .
perpenc.cu.s8r to any radius of circle Oji, for i = 1,2,3,4.

Clear.y, triangcie 010203 18 equi leteral. Let us fina its si1ce by -
@Xam:ning & Croses sec:10n aiong the plans of points -0, 03,:0p%s &= -
If M 18 the point of tangency of circies 01,02 then MO; = 10 = (1/2)0M, go
traiargi:e MOL: 1ma a 30-60-90 triangle. Hence 00; = 10¥3. Also, trimangle
O 0,0 1s 1scsceles, and contains a 60° angle, so it is equilateral, and

0:02 = 00y = 10793, o
AR o ¢ ;;.‘?'"‘ TR T e T T
" | O.W R
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Let T be the center of triangle 03;0203: by symmetry, it must lie on line

00q. Looking a.ong the piane of thais triangle ttigure 111), we fing that

oT = 1@

1

Next we look at a cross—section through the Plane of points o, 0%,

O4 (figure iv). Let K be the point of tangency of circles O3y, O4y and draw

KN perpendicular to 017. Since angles KO1T, TOO; are both Complementary to:

angle 7030, (KO;T = (TDO;, so triangles OgKN, 00;T are Similar. Using the

Pythagorean theorem in triangle 0703, we find OTZ2 = pg;2 - 0172 = 200, go

OT = 10f2. Then O1K:OiN = 001:07, 80 10:UiN = 10£3:10¢%, and OjN = 1033
Hence O4K = NT = 01T - Oj3N = 10 - 10¢373, ana this ia the required

racius.

% %L Oy K



