| New York City |
Interscholastic Mathematics League

JUNIOR DIVISION

Part I Time: 11 Ninutes Contest Number One Spring, 1987

387J1. What is the base of the systes of nuserstion in which there ere 11
days in & week? VWrite your anawver in decinmsl notation, ,

587J2. In triangle AMC, ACLBC, AC = 10, and BC “2‘.??cgjguﬁofgﬁjflgﬁitg19!'
the medien to aide aB. S S T R R E L a2 5

Part II Tise: 11 Ninutes NYCINL Contest Nusber One - Spring, 1987

387J3. In e cless of 2¢ students, each student haa, es & pet, either o eat
or a dog, or both. Of the students vho have cats as pets, 1/3 elao have
doga. Of the students who have dogs ss pets, 1/e¢ 8leo have cets. MNow sany
studenta have cata? ’

S87J4. If @ is an irrational nusber and r is a rational nusber, which one
of the following expressiona, when Yepressnting a reesl number, could be
rational?

<4) 4507r €14) Yva o vr <441) e va (iv) vg ¢ ¢
Part II1 Time: 11 Ninuteas NYCINL Contest Nuabar One Spring, 1967

38773, The nuaber 1320 = 211 - 27 (4 the difference of two positive
integral powvers of 2. Find the next lergeat such ausber.

887J6. In triangle ABC, AB = 10, BC = 12 ead AC + 20. Three circles have

their centers at points A, B, and C. If these three circles are externally
tangent to each other in pairs, find the raedius of the largest of the

1. 6 3. 12 S. 198¢
2. 13 4. d.';l‘ for choice 1)) 6. 11



Yo\ New York City
Interscholastic Mathematics League -

JUNIOR DIVISION

Pert I Time: 11 Ninutes Contest Nuaber Two Spring, 1987

8$87J7. In triangle ABC, AB = BC. Point T 4is on BC, and BT = TA = AC.
Coapute the degree messsure of angle AMC.

S87J8. During one year, an oil well increased its daily rete of production
twice, both timea by the same percentage, If it .tnrtod'ﬁho"ydar produéizg27

oil et a rate of 600 barrels per day, and ended By produding 726 bedtd¥i' -~ -

per day, compute the percent of increasse each tise.

Part II  Time: 11 Ninutes NYCINL Contest Number Two Spring, 1987
887J9. Nike and Pete opened a luncheon restaurant. In this restasurant, a
glaas of milk, three hotdogs and 7 Nunchie bars cost 814, vhile a glaass of
ailk, four hotdogs, and 10 Nunchie bars cost $17. Find the cost, in
dollars, of two glasaes of ailk, three hotdogs, eand f£ive Nunchie baras.

887J10. Two circles with radii 6 and 10 are externally tangent. Compute
the length of their cosson external tangent.

Part 111 Time: 11 Ninutes NYCINL Conteat Numbaer Twe Spring, 1987
*87J11. If 109102 = m, expreas in teras of a the value of lo"s.
$87312. The greateat coason divisor of tvo netural nusbers s 24, and the

least common multiple is 2496. VWhat is the smallest aua these two nusbers
can hava?

ANSVERS
7. 36 or 36° 9. 19 or 19 13. 1/2a - 1/2 or equivalent
8. 10 or 10x 10. 4v1S or 12. S04

egquivalent.



New York City
Interscholastic Mathematics League

JUNIOR DIVISION

Part I Time: 11 Ninutes Contest Nuaber Three Sprtng. 1967

887J13. In circle O, radii OA and OB are perpendicular. Potnt P is chooon
on ainor arc AB, and points X, Y on OA OB respectively so that PX]OA and
PYJOB. If OA = 1S, coapute the length of XY.

S87J14. The quadratic equetion x2 ¢ gqx ¢« q = 0, where- q 48 & resl nuamber,
haa one rocot equal to ~3. Coapute the nu-orteol vclno ef the other root of
the equation. - FERARI TN T

e TS i i Rt

Part 1I Time: 11 NMinutea NYCINL Contest Nuadber Three Spring, 1987
387J13. Find a perfect aquare whose decisal represantestion consists of four

digita, of which the firat two are identical and the laat tuo ars llco
identical.

S87J16. Romeo has lost the last digit of Juliet’s telephone numbdber. e
triea to call her by picking the last.digit at randoa and disling the
nuaber. WVhat ia the probability that Romeo will succeed after only one or
two triea (assuming Juliet’s line is never busy)?

Part II1I Time: 11 Ninutes NYCINL Contest Number Three Spring, 1987
387J17. The unique resl solution to the equation

::Q;E ¢ 16 = 0'5;5
can be expressed as 28, Compute the rcttqaal nuaber a.
887J18. Three sides of & triangle are 16. 12, end 20. Three spheres sre
all tangent to the plane of the triangle, ones at each vertex, and the

spheres are externally tangent to eech other in pairs. Find the radius of
the largest of thae three spheresa.

ANSVERS
13. 13 15. 7744 17. 12/3
4. -3/72 16. 0.19 or equivalent 8. |



NEW YORK CITY INTERSCHOLASTIC NATHENATICS LEAGUE
Spring, 1987
Junior Division Contest Nuaber One

S87J1. 1f the bese is b, thenbd + 1 = 7 (using decisal notation throughout),
ac b= 6,

S387J2. The median to the hypotenuse of @ right trisngle is 1/2 the
hypotenuse. Hence CN = 13, 'd

26

387J3. If the number of students with both pets is b, then there are 2b
studenta with csts gnly, and 3d students with dogs gnly. Hence b ¢ 2b + 3
s 24 (since each student falls into exactly one category), end b = ¢. The
ausber of students who have cats is ab, or 12.

387J4. 1f s is irrational, then the numbers Ta (4f it is real), 2s, end
a*r aust also be Srratiocnsl. Aleo, the sum of e retionsl and an irrationasl
is an irrational. MNence a*r is irrationsl asc vasrT is irrationail

r+vE is irrationel eo Vre+vi is irrational

Vi+VEF is irrational so . ia {rrational.
But if & = -VF, then Va+*V¥ = 0, which is @ rationsl nuaber.

S87JS. We know that 211 - 27 = 1920. Let N = 28 - 2b, Clearly, if a < 11
and b > 7, then N < 1920. If a = 11, and b = 6, 211 - 26 &« 26(25-1) =
26.31 = 1984. If @ = 11 and b < 6, then N is larger then this nuaber. If
a>11 and b>7, N cen only get larger.

387J6. “Since the codmon ‘centerline of two tangent circles passes through
the point of tangency, the three circles aeet at points on the sideas of the
trienglea. Call these pointas X, Y, and Z (aee diagraa). Then, letting AY
SAZ sy BX B2 eX, CX s CY sZ, we have the equationa:
e T ey w0
- y egs=s 20
X egs |2

Ve can sclve these simultsneocusly by adding: 2x + 2y ¢+ 2z = 42, and Reyesz =
21.° Subtracting each of the original equations froa this relationship
gives 2 = 11, y = 9, x = 1, g0 the largest redius is 11.

Note that X, Y, and 2 are
the points of contact of

the circle jnacribad in
triangle ABRC.




NEW YORK CITY INTERSCHOLASTIC MATHENATICS LEAGUE
Spring, 1987
Junior Division Contest Nuaber Two

8
S87J7. Trianglea CAT, BAT are iscaceles,
80 CATC = <C = <CAB. If <ACT = %,
then <B = ¢TAC = 180 - 2x, and T
<BAC = 2(<TAC), 80 x = 2<B » 360 - 4x,
or Sx = 360, and x = 72. Hence <ABC = 360, A c

S87J8. Suppose the increase is yx. Then let x = y ¢ 1, and 600x2 = 726.
Then %2 = 726/600 » 121/100, end x = 1.1, 0o y = .1 = 10%.

SCiJ’. If & glass of milk costs @ dolfor-. a hotdog'b dollars, and a
Nunchie bar ¢ dollars, then a+*3b+7c = 14, and a+4b+10c = 17. Ue need to
f£ind the value of 2a+3b+Sc. e have:

a+*4b*10c = 17 P)
a*3b+*7¢c = 14 Q)
Subtrecting: bedec = 3 (R=p-Q)
Adding: 28+7b*17c = 31 (S=P+Q)
4b+12c = 12 (4R=4P-40)
Subtracting: 28+3b+S¢c = 19 (S-4R = -3P+3Q)

This process is the sane as that of teking linear coambinations of vectors,
as ahown in the coluan at the far right.

387J10. 1f the points of tangency are X and Y, and the centers are O and P
(ase figure), then we can drop perpendicular 02 to YP, and leck at triangle
OPZ. Here, OP=16, 02+XY, and ZP=YP-Y2sYP-XOs10-G=4. Then, uaing the
Pythagorean theorea,

xXY2 » 42 « 162, or :72,' 2% - 16 ® 240, and XY =.v240 = ¢vIS

$87J11. Since (loged) (logpa) = 1, 109210 » 1/a.

Since (loggd)(logpc) = logac, 109 ¢10 = loge2:l0og210 = (1/23(i/m) @ 1/2m.
Since 109410 = 10gqS:2 = 10945 * logq2, 1/2a = logeS * 1/2, and logeS =
i/2a - 172.

387J12. 1f the numbers are @ and b, then let a » 24x, b = 24y. The
-produet of two nqtural .nuaders is equal to the product of their GCD and
their-LCN. _Hence ab = 24x2y s 24:2496, 80 xy = 104 = 8-13. Since the
product ab is constant, the aua of the two nusbers is lergest when they are
nearly equal, which means that x and y should be sa close as posasbile.
Hence we may take x = 8, ¥y » 13. Then @ = 192, b = 312, end s+b = S04.



NEW YORK CITY INTERSCHOLASTIC NMATHENATICS LEAGUE
Spring, 1987
Junior Division Contest Number Three

S87J13. Since quedriletersl XPBO is & rectangle, diagonals XY, OP are
equal, and XY = OP = OA = 1S. A

L\ '
F'At

$87J14. Since -3 is a root of the equation, (-3)2 - 3q e q = 0, so q = 9/2.
Then the product of the roots is 9/2, so the second root ia 9/2%(-3) =
-9/6 = -3/2.

8$87J18. If the required nusber is N, then 11 must divide N. If & prime
divides a perfect agquare, the square of the prise auat also divide the
square, 80 N = 121:x2 for some integer x. Since N < 10000 = 1002, = must
be less than 10. Trying x = 9, 8, etc., ve £find that x = 8 ia the only
solution, and N = 121-64 = 7744.

To see that N is divieible by 11, note that the "eslternating sua” of its
digits is mero.

$87J16. The probebility of Romeo aissing on any given try is 0.9, so the
probability that he will miss on two consecutive tries is .92 = 0.81, and
the prodability that he will succeed ia 1 - 0.81 = 0.19.

$873J17. Ve can write the given equation as x5/3 « 16 = 8x3/6, Lotttu! ye
xsig;svo £ind y2 - 8y + 16 = O, end y = 4. Then x5/6 o ¢, so x = ¢6/5 =
o2 - adlh

o _ Yo will sglve the gensral problea first. Let the triangle be ABC,-
with aidea of leangth o; b, -and-¢, and suppose Oy, Op are the eon:.r-~o£‘th;
spharea tangent at pointa A and B respectively, with rq, rp the raspective
radii of the apherea. Vithout loss of generality, we assume that Th > rag.
We first look along the plane of points A, B, Og and Oy.

LR P A ES 3 - B
-k IR . B N Wk e TEE A G e A T R




We know the length of & comson tangent to two tangent circles, end we wish
to relate their radii (compare problea $87J10. = Y« Drawing OgX | to
Opd, we find:

O.x L ‘. L c.

OpX = OpB - BX = rp-rg

CaOp = rq + rp.

Then, using the Pythagorean theoream in triengle Oq0pX, we find:
(g4 rp)2 = €2 « (rp - rq)2, or, after expanding and simplifying,
drgrp = c2, end rgrp = c2/4.

Although we have assused thet rp > rgq, the above relationship is symaetric
in these quantities, and aoc does not really depend on the assuaption.
Since the situation ia aymmetric elso in &, b, and €, we can easily derive
analagous relationa: rerc ® b2/4

rprec * a2/4.,
These three equations can be solved for rg, b, Tc by multiplying thes
together: re2rp?re2 = a2b2c2/64, 80 rerpre * abe/s. Dividing this equation
by each of the three original equations givea:

Teq ® bc/2e, rp * ac/2b, vre * ab/2c.

In the bresent situation, the values for the radii are 3, 12, and 1573, of
which |Z 1ia the largeat.



