New York City
Interscholastic Mathematics League

Senior B Division Contest Number One NYCINML Fall, 1985
Part I Time: 10 Minutes

F85B1. Compute the numerical value of x-(xX-x)X if x = 2,
F85B2. In a class of 35 astudenta, 20 atudents own calculators, 11 own

slide rules, and 10 own neither. How many atudents own both calculators
and slide rulea?

Senior B Division Contest Number One NYCINL Fall, 1985
Part II Time: 10 Minutes

F85B3. In triangle ABC, the degree-measure of angle C is 90. Compute the
numerical value of (cot A){(cot B).

F85B4. Five quarts of a solution of acid and water is 40X water. If five

more quarts of water are added to this solution, what is the percentage of
water in the new solution?

Senior B Division Contest Number One NYCIML Fall, 1985
Part III Time: 10 Minutes

F85SB5. Find 110x of 110.
F8SB6. The notation 400! means 400-399-.398-., , . +3-2+1. When

written out in decimal notation, how many zerces are there at the right of
the number 400! ?

ANSWERS
L 7 3. 1 9. 121

2 6 4, 70 or 70% 6. 99



AN\ New York City _
NAN/  Interscholastic Mathematics League

Senior B Division Contest Number Two NYCIML Fall, 13985
Part I Time: 10 Minutes

F85B7. A store makes a profit of 20X on an item, based on its selling
price. What percent profit doea the atore make, baaed on coat?

F85SB8. 1f 1 denotes the imaginary unit, find the ordered pair (a,b) of real

numbers such that: ' 2 |
—_—t —_—— = —
1+ QA+bi | =v
Senior B Division Contest Number Two NYCINL Fall, 1985

Part II Time: 10 Minutes

F85B9. Computa‘d 210, 210 , 210 . 210

F85B10. Two circles are concentric, and a chord of the larger circle 1is
tangent to the amaller circle. If thia chord ia 12 unita long, the area of
the region between the two circles can be expressed asa kaﬁquarn units,
Compute the value of the rational number k.

Senior B Diviaion Contest Number Two NYCIML Fall, 1985
Part III Time: 10 Minutes

F85B11. How many interior diagonals can be drawn in a regular polygon of
100 sidea?

F85B12. In triangle ABC, AB = AC. In this triangle, there are points D on
BA, E on CA, and F on AB (and between D and A), asuch that CB = CD = ED = EF

= FA. Find the degree-meaaure of angle A.
ANSWERS
7. 25 or 25x 9. 26 or 64 11. #¥SO

a. (OJ -1): ordered pair 'ez-f"‘J 10. 386 12. 20 or 20°



AN\  New York City .
N/ Interscholastic Mathematics League

Senior B Division Contest Number Three NYCIML Fall, 1985
Part I Time: 10 Minutea

F85B13. A driver travels 70 miles in 2.5 hours. By how many miles per hour
muat he increase his apeed to make thia trip in 3/4 hoursa lesa time?

F8SB14. Find all real numbers x such that 2X + 2X-1 = 48,

Senior B Division Contest Number Three NYCIML Fall, 1985
Part II Time: 10 Minutes

F8SB1S. Find the smallest natural number which, when divided by 2, 3, or 4
leaves a remainder of 1, and is alao a multiple of 5.

F8SB16. Find all real numbers x such that x2- (1+42)x + 42 = 0.

Senior B Division Conteat Number Three NYCIML Fall, 1385
Part III Time: 10 Minutea

F85B17. When a quantity of water freezes, it gains 1/11 of its volume.
When a quantity of ice melta, what fraction of its volume will it lose?

F835B18. A regular polygon has 5S4 distinct interior diagonalas. How many
sides does the polygon have?

ANSWERS

13. 12 or 12 miles per hour. 18. 25 17. 1712

14. § 16. 1, ¥2 18. 12



AN\ New York City '
\AN/  Interscholastic Mathematics League

Senior B Division Contest Number Four NYCIML Fall, 1985
Part I Time: 10 Minutes

F8S5B19. How many degrees are there in the angle formed by the hands of a
clock at 7:207

F85B20. In triangle ABC, the lines containing the bisector of angle B and
the bisector of an exterior angle at C intersect at Q. A line through Q
drawn parallel to BC intersecta AC at E and AB at D. If BD = 8 and EC =
&, find ED.

Senior B Division Contest Number Four NYCIML Fall, 1985
Part II Time: 10 Minutes

F85B21. Four houses each have four floors. On each floor are four
apartmentsa, with four doors in each apartment. On each door are four
hingea. There are no other hingea in the houase. How many hinges are in
the house? :

F85B22. A clock gains five seconds per hour. Twenty-four hours after the
clock i1s set correcll/y, it reada S5S:58. What 18 the correct time?

Senior B Diviaion Contest Number Four NYCIML Fall, 1985
Part III Time: 10 Minutes

F85B23. A girl has 1/3 as many blue stickers O.5 red stickers, and 1/6 as
many red atickera as green stickera. What fraction of her aticker
collection ia green satickera?

F85B24. In triangle ABC, AB = AC = 13, and BCxl0. Point P is on BC and

CP:PB = 2:3, If X and Y are the feet of the perpendiculara from P to AB
and AC resapectively, compute the aum PX + PY.

ANSWERS
19, 100 or 10009 21. 45 or 210 or 1024 23. 9/11

20. 2 22, 5156 24. 120/13



New York City |
Interscholastic Mathematics League

Senior B Division Contest Number Five NYCINML Fall, 19as
Part I Tima: 10 Minutea

F85B25. A toy boat costs 3/4 of its price plus 15 cents. How much does the
boat cosat?

F85B26. If log(logllog(log x)]) = O, where the base of each logarithm 1is
10, then x = 10K, Find the positive integer k.

Senior B Division Contest Number Five NYCIML Fall, 1985
Part II Time: 10 Minutes

F85B27. One-third of a number, plus twice half of the number, equals 36.
Find the number.

F85B28. In triangle ABC, AB = AC = 17. Point E 1s a trisection point of
BC nearer B, and AE = 15. Compute the length of BC.

Senior B Diviaion Contest Number Five NYCIML Fall; 1985
Part III Time: 10 Minutea

F85B29. A tank of oil is 1/6 full. After 75 gallons of o0l1l are removed, it
ia 1/7 full. How many gallons doea the tank hold?

F85B30. Find the value of tan x 1f 8in X + cos x = 1/5 and T/2 < x <.

ANSWERS

25. 60 or 60 cents 27« 27 29. 3150

26. 1010 28. 1242 30. -4/3



NEW YORK CITY INTERSCHOLASTIC MATHEMATICS LEAGUE
Senior B Division Conteat Number One Fall, 1985

SOLUTIONS
F85Bl. We have 2 - (22 - 2)2 = 2-(4-2)2 = 2-22 = 2-4 = -2,

F85B2. We can disregard the ten atudents who own neither device. Using
absolute value for the number of elements in a set, we have:

lA U BI = Al + IBI - |ApBI.

Here, 1f A = students with slide rules), and B = students with
calculators), we need to find IABI. Call this quantity x. Then

29 = 20 +» 11 - X; 80 x .=

F85B3. In the diagram, cot A = a/b, and B
cot B = tan A = b/a, so their product is 1.
a
F85B4. The original solution contained
(40%) (5) = 2 quarts of water, aso the new c A
solution containa 2+5 = 7 quarta of water. b

Since there are now ten guarts altogether,
the percentage of water ias 7/10 = 70x.

1200 += 311 = 1243

F85BS. We want (1.12¢110) = (1)(110) + (.1>(110)

F8SB&. We want to find the highest power of ten which divided 400!. Since
10 = 5«2, it is sufficient to count powers of 5. There are 400/5 = 80
multipleas of 5 in the product which forms 400!. In addition, there are
400/25 = 16 multiplea of 25, which contribute ‘extra‘’ factors of S.
Finally, since 400/125 = 3 + 1/5, there are 3 extra powersa of five from
multiplea of 125. And there are plenty of factors of 2Z2--more than
needed--to make 80 + 16 + 3 = 99 factora of ten in the product 400!.



NEW YORK CITY INTERSCHOLASTIC MATHEMATICS LEAGUE

Senior B Division Conteat Number Two Fall, 1985
SOLUTIONS
F85B7. If S is the selling price, C the cost, and P the amount of profit,

we have S = C » P, Here, P = (1/5)S, a0 S = 5P = C + P, and C = 4P, The
percent profit baased on coat ia P/C = 1/4 = 25x%.

-2; C -2 ST
F85B8. We have JT . e 3 j—.:-t= :::;‘uf b-ai 2) dﬂi
(“Jh) 2 (OJ"J.).

F8SB9. The given expression equals \14-210 = \]22-210 = \/212 =
26 = 64.

F85B10. If the radii of the circles

are R and r (see diagram), then their areas
are T R2 andT r2. The area of the region

we need is 1(R2-r2). Since a tangent is
perpendicular to a radius at the point of
contact, we can use the Pythagorean theorem,
and R2-r2 = 36. This gives 36)] for the

area of the region. Note that thia result
is independent of the actual measurements of
the two radii.

F85B11. The polygon has 100 vertices. These can be connected by 100:99/2 =
*TQSO line segments. But 100 of these are sides ot the polygon, so only
%ggbpf them are diagonals.

F85B12. Let the degree-measure of angle A be x. Then, recognizing equal
base anglea of isosceles triangleas in the figure, and representing exterior
anglea as sums of the remote interior angles, we find:

m% AEF = x (from triangle AFE),
m#% AFE = myFDE = 2x (from triangle AFE),
m&DEC = maECD = 3x (from triangle AED).

Since triangles ABC, CDRare sinilar,

m4DCB = x, and m4BCA = x + 3x = 4x,

Hence (in triangle ABC), x + 4x + 4x = 180,
and x = 20,




NEW YORK CITY INTERSCHOLASTIC MATHEMATICS LEAGUE
Senior B Divisaion Conteat Number Three Fall, 1985

SOLUTIONS

F85B13. The driver is travelling at a rate of 70-% 5/72 = 28 miles per
hour. He muat make the 70 mile trip in 5/2 - 3/4 = 7/4 houra. Hence he
must go 70 + 7/4 = 70:4/7 = 40 mile per hour. This is an increase in speed
of 12 milea per hour.

F8SBl4. We have 2-2%-1 .+ 2X%X-1 = 3.2%x-1 = 48, so 2%-1 = 1s,
X-1 = 4, and x = 5.

F85B1S. We know that n-1 is a multiple of 2, 3, and 4. Hence n-1 1s a
multiple of 12. We are looking for the smalleat multiple of 12 which is
one leas than a multiple of S. A quick trial and error procesa shows that
this number is 24, and n = 25,

F85Bl16. The quadratic formula is cumbersome in this problem. It is easier
to note that the roota of the equation musat multiply to ¥2 and add up to
1+-42. Clearly, the numbers 1 and *E'aatzaiy both conditiona, so theae musat
be the roota of the equation.

F86Bl7. If W is the gquantity (mass) of water, and I the volume of the same
masa of ice, then I = (12/11)W. Hence W = (11/12)I, and ice loses 1/12 of
itas volume.

F86Bl8. See problenm F8s8 11 . If the polygon has n sides, 1t will have
(n/2)(n-1) - n diagonals. Here, (n/2)<(n-1) - n = S4, or n2-3n-108 =
(n+*9)(n-12) = 0, and n = -9,12. We reject the negative root.



NEW YORK CITY INTERSCHOLASTIC MATHEMATICS LEAGUE
Senior B Diviaion Conteat Number Four Fall, 1985
SOLUTIONS

F85B19. There are 30° between each numeral on the clock. From its position
at 7:00, the hour hand has moved (1/3)+30° = 109, Hence the angle
required is 3-30 = 10 = 1000,

F85B20. The key to solving this problem i1s a well-labelled diagram. Since
BQ and CQ are angle bisectors, and BCFI| IDE® we have 4ZDBQ = 2ZCBQ = <BQD,
and £ECQ =4FCQ = LCQE. Therefore DBQ and ECQ are isoscelea trianglea.
Hence DQ = 8 and EQ = &, so ED = 2.

F85B21. The number of hinges is 4x4x4x4x4 = 49 210 = 1024.

F85B22. In 24 houra, the clock has gained 24x5 120 seconds = 2 minutes.

Hence the correct time ias 5:36.

F85B23. If A, B, and C are the number of blue, red, and green stickers
respectively, then 3A = B, 6B = C, so C = 18A. Altogether, there are A+B+C
= A + 3A + 18A = 22A stickera in the collection, so the proportion of green
atickers ia 18/22 = 9/11.

F85B24. From the Pythagorean theorem, the length of the altitude from A to
BC ia 12, so the area of the triangle ia 60. We can alac compute this area
by adding the ares of triangles ABP, APC. This sum is (1/2)AB+PX +
(1/2)YAC-PY = (1/2)-13-(PX+PY) = 80, so PX+PY = 120/13. Note that

the exact poaition of point P along BC ia irrelevant.

A



NEW YORK CITY INTERSCHOLASTIC MATHEMATICS LEAGUE
Senior B Diviaion Contest Number Five Fall, 1985

SOLUTIONS

F85B25. If C is the cost of the boat, then (3/4)C + 15 C, C/4 = 15, and C

= 60.

F85B26. We use the fact that logjiox = L means that 10L = x. We have
logllog(leg x)1 = 109 = 1. Then log(log x) = 101 = 10, so log x = 1010,

1010
Finally, x = 10 , and k = 1010,

F835B27. If the number is x, then x/3 + 2.x/2 = x/3 + x = 4x/3 = 36, and x =
34*-36 = 27.

o
F85SB28. Let 6‘:= X, and draw altitude AT. Then BC = 3x, so BT = 3x/2, and
ET = BT-BE = x/2. We have: A

AT2= AB2- BT2 = AE2-ET2, so 13/\i3
289-9x2/4 = 225 - x2/4, or

64 = 8%x2/4 = 2x2, x2 = 32, and x = 4¥2. Thus BC = 12¥2. gl
£

F85B29. If the tank holda x gallona, then x/6 - 75 = x/7, and
7x ™ 75-6+7 = 6x, 80 x = 75:6:7 = 3150.

F85B30. Squaring both sides of the equation, we get sin<x + coslx +
28in x coa x = 1/25. Thusa, sin 2x = 2ain x coa x = -24/25, or a&in 2x =
-24/25, and coa 2% = 7/25 or -7/25. We use the identity:

tan x = ain x/cos x = (sin 2x)/(l+coa2x), and find that tan x = -3/4 or
-4/3. However, if tan x = -3/4, ain x = 3/S and coa x = -4/5 (in gquadrant
II) , so that &in x + coa x = -1/5. Thias extraneous root came from the
original saquaring we did.
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'your copy of the Fall, 1985 NYCIML contests that

January

Yyou raquaested on the application form,

The following are corrections for the enclosed contests:

Senior A Question
o .‘ :‘ﬁ“v:' .

F85S3 Answer is 169/10
= F85S14 Answer is 133

F85523 Anawver T/8 and 2Ta

F85524 The question is impossible and was

eliminated from the contest.

Senior B F85B21 The gquestion is poorly worded and

either 256 or 1024 were accepted.
Have a good year.
.. Sincerely yours,_ .

Richard Geller

Secretary, NYCIML
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