ANZoN New York City
\AN/  Interscholastic Mathematics League

Senior A Division Contest Number One Fall, 1985
Part I Time: 10 Minutes

F8551. The sum of four different prime numbers divides their product.
Find the smallest of these prime numbers.

F8552. What ia the first time after 6:00 that the hands of a clock are
perpendicular?

Senior A Division Contest Number One Fall, 198S
Part II Time: 10 Minutes

F83553. In a circle, chord AB = 24. Point M is the midpoint of minor arc
AB, and the length of chord AM is 13. Find the radius of the circle.

(3“339 81.

F8554. Compute the numerical value of log

Senior A Division Contest Number One Fall, 198S
Part III Time: 10 Minutes

F8555. Find the largest real number x such that:
f x= f 2x = 1T -+ ir; + o 2x -1 = JET

F85S6. If Arctan denotes principal value, find tan ( 4 Arctan 1/3 ).

ANSWERS

1. 2 3. 119/10 or equivalent S

P

2. 5:16 4/11 or equivalent 4. 2 6. 24/7



/AN/\ New York City
\AN/  Interscholastic Mathematics League

Senior A Division Contest Number Two Fall, 1985

Part I Time: 10 Minutes

F85S7. From point P, outside circle O, lines PX and PY are drawn tangent to
the circle at points X and Y reaspectively. If PO = PX +«+ PY, find the

degree-measure of angle XPY.
F8558. If f(x) = x2- X + 10, g(x) = x2« ax + b, and the roots of the

equation g(x) = O are the S8quares of the roots of the e@quation f(x) = Q,
find the ordered Pair of real number (a,b).

Senior A Division Contest Number Two Fall, 1985
Part II Time: 10 Minutes

F8559. Find the radius of the circle whose center is at the origin of a
rectangular coordinate aystem, and which is tangent to the line
R > 2y =105

F85510. If a and b are decinmal digits, the decimal numeral a97Sb is a
multiple of 88. Find the ordered pair (a,b).

Senior A Division Contest Number Two Fall, 1985
Part III Time: 10 Minutes
F8s5s11. Compute the Numerical value of 8in277/10 =« ain2 217v/s.
F85S12. In rogul;r tetrahedron ABCD, Points M and N are mRidpoints of sides
BC and aD respectively. The plane through A, M and D intersects the plane

through B, N, and C in a line. If BC = 1, find the length of that part of
the line of intersection which ia inaide tetrahedron ABRCD.

ANSWERS
—~——
7. 120 or 1200 9. lYysS : 5 |
8. (-16,100); ordered pair
required. 10. (5,2); ordered 12. J2/2

Dalr reguired



AN New York City

\AN/  Interscholastic Mathematics League

Senior A Division Conteat Number Three Fall, 1985
Part I Time: 10 Minutes

&
F85513. Compute the numerical value of 2(1091 22)

F83514. If a1 = 400, and ap is the sum of the cubes of the (decimal) digits

in ap-1, (for n = 1,2,3,...%, find a
YES

Senior A Division Contest Number Three Fall, 198S
Part II Time: 10 Minutes

F85S15. The lengths of the sides of a certain rectangle are all integers,
and the number of asquare units in its area is one lesa than the number of
linear units in its perimeter. Find the area of the rectangle,

F85S16. In triangle ABC, AB = AC. Point D is a point on line segment AC
for which AD = DB = BC. Find the degree-measure of angle A.

Senior A Diviasion Contest Number Three Fall, 1985
Part III Time: 10 Minutes

F85517. For some natural number n, the integer n2+ 2n, when written in
decimal notation, has a units digit of 4. What is the tens digit of this
integer (in decimal notation)?

F85518. Two candles of the sane length are lit at the same time. One
candle burns down uniformly in four hours, and the other in five hours.

How many hours after the candles are lit will one candle be five times as
long as the other?

ANSWERS
13. 8 13 1S 17. 2

l4. 250 16. 36 or 36° 18. 80/21 or equivalent.



AN\ New York City

\AN/  Interscholastic Mathematics League

Senior A Division Contest Number Four Fall, 1385
Part I Time: 10 Minutes

F85519. In decimal notation, what is the unita digit of the integer
1! + 2! + 3! + 4! + St + ., ., ., + 81 + 9! + 10! ?

F85520. In square ABCD, point M is the midpoint of side BC, and point N is
on side CD such that NM is perpendicular to AM. Find the ratio CN:IND.

Senior A Division Contest Number Four Fall, 19835
Part II Time: 10 Minutes
3€¢1

F85s21. If e = x for all real numbers x, find f(6).

t(x) -
F85522. Two tiles with the letter T and two with the l-téer 0O are placed in
an urn. A tile is withdrawn and placed on a rack. This action i1is repeated
until the rack contains an arrangement of all four letters. What is the

probability that the two U’s will be separated and the two T's will also be
separated?

Senior A Division Conteat Number Four Fall, 1985

Part III Time: 10 Minutes

F8SS23. If 0 < x < /2, and cos4x + sin%x = 3/4, find the radian measure of
X . .

F85S24. In quadrilateral ABCD, opposite sides AB and CD are perpendicular
to each other, and each is 10 units long. Circlea drawn on each of these
sides as diamters are tangent to each other. If BC = 7 AD, find the area

of quadrilateral ABCD.

ANSWERS
19. 3 21. & 23. 17/8

20. 1:3 or 24. 72

equivalent 220 113



AN\ New York City
\A/  Interscholastic Mathematics League

Senior A Division Contest Number Five Fall, 1985
Part I Time: 10 Minutes

F85525. The inhabitants of a certain kingdom will always tell the truth
when asked when their birthday (the anniversary of their birth) is, except
if they are asked on their actual birthday. One January S5, Mr. Aardvark
(one such inhabitant) was aked when his birthday was. He replied, ‘It was
yesterday’. On January 6, he was asked the same question, and gave the
same answer. On what day in January was he born?

F83526. Find the largest prime number which is four more than the fourth
powar of an integer.

Senior A Division Contest Number Five Fall, 1985
Part II Time: 10 Minutes

F85S27. Circles 01 and 02 intersect at points P and Q. Line O1P intersects
circle 02 at points P and X, and line 02P intersects circle 01 at points P
and Y. If the measure of arc PQ in circle 01 is 1009, find the

degree-measure of angle XYP.

F855S28. Expresa in radical form tanl8° + tan 42° - ¢¥3 tan 189tan42°.

Senior A Division Contest Number Five Fall, 1985
Part III Time: 10 Minutaes

F85S29. Circle O is inacribed in isosceles triangle ABC. Pointa M and N
are midpoints of legs AB and AC respectively, and MN is tangent to circle
0. Compute the ratio AB:BC.

Avy = |

F85S30.If f1(x) = X o 0 £2(x) = £1(£1(x)), £3(x) = £1(£2(x)), and
fn(x) = £1(fp-1(x)) for n > 1, find £ _ (1985).
1956
ANSWERS
25. January S or 1/5 ' 27. 50 or S0° 29. 3:2 or
or equivalent. Do not accept equivalent
the ambigucus ‘yesterday’! l?ﬂ}T 30 l .9?5

26 5



NEW YORK CITY INTERSCHOLASTIC MATHEMATICS LEAGUE

Senior A Division Fall, 198S

SOLUTIONS

F8551. 1If all the primes were odd, then their sum would be even. Since
the sum divides the product, the product would also have toc be even. But
the product of four odd numbers is odd, 80 not all of the primes are odd.
The only even prime is 2, which must be the smallest of the four in the
problem. An example of a set of primes having the property described 1is
(2,3,11,171 ., y

F855S2. At 6:00, the hands form an angle of 180°9. At r minutes after 6, the
minute hand has moved through (r/60):360 = 6r degrees, while the hour hand
has moved through (r/60):30 = r/2 degrees. Hence, if r minutes have
elapsed since 6:00 (and the minute hand has not passed the hour hand), the
angle between the hands is 180 - 6r + r/2 degreea. If this angle is S0°,
then 180 11r/2 = 90, and 11r/2 = 90, or r = 180/11 = 16 4/11.

F85S3. Triangle AMX is a S-12-13 . A
triangle (see diagram), and the 12
products of segments of intersecting 14
chords are equal, so S(2r-5) = 12-12 N PG, M

= 144, and 10r-25=144, so r=199/10.

los q
F8554. Since 3 3 = 39, the given
expression equals logg8l = 2.

F85SS5. Squaring, we find 2x + 2Vx2- (2x-1) = 2
2x + 2~ (x-1)2 = 2
2% * 2I%x=1| =.2
For x 3 1, this gives 4x-2 = 2, and x = 1.
For x < 1, 2x-2x+2 = 2, so any number in this range (which makes the
radicals -.anln@?ul) will do. Since the largest x is called for, x = 1.

F8556. Let x = Arctan 1/3. Then we want tan 4x.

l tan by 2
tan 2x = —== : s 222 2.2
| - tan™x |- 4 3 8‘.{,
a 3
and tan 4x = —2 fa0 dx e 3 06 - 14
(R PP - % A B 7



NEW YORK CITY INTERSCHOLASTIC MATHEMATICS LEAGUE

Senior A Division Contest Number Two Fall, 1985

el
SOLUTIONS ’\‘
4 |/ 3

F8557. 1In right triangle PX0O, PO = 2PX.
Hence m L XOP = 309, m 4 XPO = 600,
and m& XPY = 1200,

F85S8. Lat y = x2, We want a quadratic equation satisfied by vy. Certainly

y - 6¥y + 10 = 0, or y + 10 = 6Yy. Squaring, we find y2+ 20y + 100 = 36y,
or y2- |6 y + 100 = 0. This is the required equation.

F8559. The x- and y- intercepts of the given line A
(see diagram) are 10 and 5 respectively, &so the length 5
of AB is Sv¥5. Computing the area of triarigle .in two
ways (or otherwise), we find that the length of the alti- =+ 9’-10 )
tude to the hypotenuse isl¥S. This is also the radius of

the circle centered at the origin which is tangent to the

line. )

F85510. The number musat be a multiple of 8 and of 11. To be a multiple of
8, the number formed by the three rightmost digits must be multiple of 8.
Checking, we find that only b = 2 satisfies this condition. To be a
multiple of 11, the ‘alternate sum’ of the digits muast be a multiple of 11,
or 2 - 5 + 7 - 9 + a = a-5 = 0 (since zero is the only multiple of 11 which
is five less than a decimal digit). This requires a = S, ' Checking, 59752
= 88x679.

F85511. Since 21i/S + M/10 = S{/10 = /2, sin 277 /S = coa™/10. Hence the
given expresaion is equal to a8in27/10 +'cos27/10 = 1.

F85512. Since plane AMD contains line AD, it contains point N, and hence it
contains line segment MN. A similar argument shows that plane BCD also
contains segment MN, 80 it is the length of this segment that is required.
To find it, we can look at right triangle AMN, in which AN = 1/2 and AM =
¥3/2 (since AM is an altitude in equilateral triangle ABC). The
Pythagorean theorem then shows that MN = r(3/4)(1/4) = ¥2/2.




NEW YORK CITY INTERSCHOLASTIC MATHEMATICS LEAGUE

Senior A Division Contest Number Three Fall 1985

SOLUTIONS

F85513. We have 2(10g9222)2 = 2(210g22)2 = 2(2:1)2= 2.4 = 8,

F85S14. By direct computation, we have a = 64,
a3 = 280,
aq = S20,
as = 133,
ag = SS,
a7 = 250,
ag = 133,

and the cycle 133,55,250 will continue roﬁcating. Hence 133 = ag = ag =
411 ® «.. = a3n-1, for all n > 1. Since 1985 = 3.661 - 1, ajg8s = 133.-

F85515. By trying small integers, it is not hard to see that the dimensionsa
of the rectangle are 3x5, so that its area is 15. To show that these are
the only possible dimensions, let them be a and b. Then.ab = 2a+2b-1. If
we let a+b = q, then ab = 2q-1, and a and b are roots of the equation

x2 - gx + 29q-1 = 0. For the rootas to be rational it is necessary that the
discriminant be a perfect aquare. This condition can be written as is
g2-8g+4 = (q-4)2-12 = N2 for some integer N, or (q-4)2-N2 = 12, or
(gq-4+N)(g-4-N) = 12. Comparing factors of the number 12 with the
expression on the left, we find that q can only be 8, which gives a,b =

S5,3.

F83516. Let mX% A = a. Then triangle ADB is
isosceles, 80 m i ADB = 180-2a. Since triangle
BDC is also isocsceles, maC = maBDC = 180-mx BDA =
=2a. Then, in triangle ABC, 2 A +4 B +4C =

=a + 2a + 2a = 180, mso0 a = 360,

F85S17. Since n2+ 2n ends in the digit 4, n2+ 2n + 1 = (n+1)2 enda in the
digit 5. Since this number is a perfect square, its tens digit must be a
2. This is the tens digit of the number in the problem as well.

F85s518. If we think of the flame travelling down each candle at a certain
rate, this becomes a familiar sort of problem, which can be ‘diagrammed’ as
below. The length of one candle is taken as the unit of length, and time
1s expressed in hours.

Distance Rate (in candle-lengths Time
per hour)
Slow LIS 173 o
. flame
Fast t/4 1/4 £
flame

The distances compared in the problem are those that remain for the flame
to travel, so 1- t/S = S(1 - t/4), which gives t = 80/21 hours.



NEW YORK CITY INTERSCHOLASTIC MATHEMATICS LEAGUE

Senior A Division Contest Number Four Fall 1985
SOLUTIONS

F835519. Since St, 6!, 7!, . . . 10! all contain factora of 2 and S, they
all have units digits equal to O. The units digit required must come from
the sum 1! + 2! + 3! + 4! = 1 + 2 + 6 + 24 = 33.

F85520. From similar triangles ABM, NCHM,
we find AB:BM = MCICN = 2:1, 8o NC = (1/2)MC =
(1/4)BC. Since BC = CD, NC:ND = 1:3.

F85521. Solve the relation in the problem for f(x):
3f(x) = xf(x) - 3x
(3 - x) £(x) = -3x
£(x) = 3x/(x-3).

Thus £(6) = 18/3 = 6.

F85522. For any first choice, the probability that the second choice will
not match is A/3. For the experiment to ‘succeed’, the remaining two
letters must be chosen in the same order as the first two. This will
happen 1/2 of the time. Hence the probability of auccesa is (Q/3)(1/2) =
> 7 S

F835523. We have cos4x + sin% x = (coas2x'+ 8in2x)2 - 2coe2x sin2x
= 1 - (1/2)8in22x = 3/4,
80 8in?2 2x = 1/2. Since x is pocasitive and acute, sin 2x = {572. 2x
= 1/4, and x = 7T /8.

F85524. Let AB intersect CD at P (see diagram), and let M, N be midpoints
of AB, CD reapectively. Let AP = x, PO = y. Then pp2 = x2+y2, and
cu@p? = (x+10)2+(y+i9) 2= BCZ2. Thus we have:

(1) (x+S5)2+(y+5)2 = 100 S
(11) . 49(x2+y2) = (x+10)2+(y+10)2,

From (1), x3+10x+y2+10y = SO, while from (ii), 48x2-20x+48y2-20y = 200,
Eliminating x2 and y2, we find SO0x + SO0 y = 2200, or X+y = 22/5. We can
avoid solving for x and y separately by computing the area ABCD as the
difference of the areas APD, BPC:

Area(ABCD) = (1/2)(x+10)(y+10) - (1/2)xy = Sx+Sy+ 50 = })




Senior A Division Contest Number Five Fall 1985

SOLUTIONS

F85325. Aardvark could not have been born on January 4, since then his
answer on January 6 (which was not his birthday) would have been ‘the day
before yeaterday’. Hence he must have been lying on January S, which ia

thus his birthday.

F85S26. Let p = n4+4 = n4+ 4qn2+q - 4n2

= (n2+ 2)2 - (2n)2

= (n2+ 2n + 2)(n2- 2n + 2).
Thus the number p cannot be prime unless one of these factors is 1. This
happena if n = 1 or -1, and p muat equal 5.

F83527. Since iascaceles triangles 01PY, 02PX

have base angles YPOj, XPO2 equal, these

triangles musat be similar. Thus ‘anglea 01yQ2

and 01X02 are equal, and quadrilateral 0y Y¥YX02

can be inacribed in a circle. In thia new circle,
angles XY02 and X0102 intercept the same arc,

a0 these angles are equal. Since the latter is a
central angle in circle 031, it ia eaaily seen to
neasure S009,

F85528. We use the fact that 18 +« 42 = 60.

2
ton 147 + tan i
—————————————————

X 2 3)
Ji= tan 60 = tum (87r 127 = - tanl¥” taa 92° p 3

tan 18° + tan 420 = ¥3(1 - tan 189 tan 42°9), and the complete expression of
the problem must equal ¥3 - ¥3 tan 18© tan 422 + ¥3 tan 189° tan 4209 = 3.

AN
F85529. Let AB = a, BC = b. Since quadrilateral /
BCMN is circumscribed about a circle, MN+BC=MB+NC. A/ P
Since MN = BC/2, we have 3b/2=a, and a:b = 3:2. Zfz:::§&
B L
£ -3
F85530. Method I: By direct calculation, we have £2(x) = = ooy -

£f3(x) = -1/x. 'Hence fg(x) = £f3(£f3(x)) = x. Since 1986 = 63331, fi1986(x) =
X, and £f198(1985) = 1985,

LArD
hbile

Method II: More generally, we can consider functions of the form f(x) gt
where a and b are real numbers. It ias not hard to verify that the
composition of theae functiona actas exactly like multiplication of the

complex number a+bi (the asystems are isomorphic). Using this idea, we can
write: x 3 s
‘ {() N *L
' 2 s 4
. T J.‘. -
80 that f) corresponds to the complex number —T ~ L - , and fi19g¢
corresponds to the number (2 . »)""™ = (c18(-300)1986, (ysing De Moivre’s

theorem gives the desired r&auit.
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'your copy of the Fall, 1985 NYCIML contests that

January

Yyou raquaested on the application form,

The following are corrections for the enclosed contests:

Senior A Question
o .‘ :‘ﬁ“v:' .

F85S3 Answer is 169/10
= F85S14 Answer is 133

F85523 Anawver T/8 and 2Ta

F85524 The question is impossible and was

eliminated from the contest.

Senior B F85B21 The gquestion is poorly worded and

either 256 or 1024 were accepted.
Have a good year.
.. Sincerely yours,_ .

Richard Geller

Secretary, NYCIML
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