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TS, Taozguare ARCD, points ?,%,R, and S are chesen rescectively con
vides AB,ZEC,CD,DA @0 that AP:P3 = EQ:QC = CR:RD = DS:54 = 1:3.
Ziad the ratio of the area of FQRS to that of ARCD.
F2482, A student guesses at randon at three true-false questions, What
i3 the prohability that she gels at le: it two corract answers?
Part II Time: 11 minutes NYCIML - Sr. A Contest 1 Fall, 19384
F2483. In rectangle ABCD, AB = 6 and diagcnal BD = 10. Circle 0 (with
canter 0) is inscribed in triangle ABD and circle P (with center P)
is inscribed in triangle BCL. Find the length of OP.
T2484. “The cabe of a certain integer has a decimal representation
consisting of ten digits, of which the two left mest, as well
23 the riguimost, i3 a digit 7. Pird the integer whose cube
he3 tids fornm.
Part ITI  Time: 11 minutes NYCIML - Sr. A Contest 1 Fall, 1984
FE455. ©Pind all ordered pairs (x,¥) of real numbers such that
2 4
LXT 2
37 21 and 2 logzx = logg(y+3) .
72486, Fird the numerical value of
= . 0 o s 420 o , o]
003130(31n75 + ¢0545 ) + 8inl5 (cos75° - sind5 ) .
ANSWERS
1, : 8 ) i = + : » -
5 or eguivalent 3. 2Jj 5. (2,1)
.
2. % 4. 1983 6. 3
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Part T Time: 11 miput
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D ARTE Nl v~ - 3} 2
F243 Per all real non-zero numbers f£(x) = 1 - = arg 5(x) =1 - x
T oand (s ) .

If n(x) = f{%(xi] » for vhat value of x does h(x) = 87

¥8488., PFind the numerical value of coslS + sinlSo .

o] .
cosls - 81n15°

Part II Time: 11 minutes NYCIML - Sr. A Contest 2 Féll, 1984

F8489. Side BC of AABC is extended through C to X so that BC = X
Similarly, side CA is extended through A to Y so that CA = Y
and side AB is extended through B to 2 so that AB = BZ. Pind

the ratio of tie as2a of AXYZ to that of AAZC.
§

F24810, Pird the value of ¢ for which the roots of 13 - 6:2 =24x + ¢ =0
fora an arithmetic prozression.

Part IIX Time: 11 minutes NYCDA - Sr. A Contest 2 fall, 1984
F845ll. Three ferryboats start at a terminal at noon, and go to
different destinations., Ferryboat A reaches its destination

ter 20 minutes, boat B after 15 minutes, and boat C after 32
minutes. Upon rzaching their destiiations. the boats return to
the terminal, then make another trip, and so on. The trip back
to the terminal in each case is the same length, and takes the
same time, as the trip out. WEat is the least number of hours

after which the three ferries will again dock at the terminal
simultaneously?
L4512, iq rizht triangle ABC, lez AC = 3in® and leg 2C = co0s9. Find the
ength of the long:r leg if the length of the median to the hypotenuse A3

i3 tang.,
ANSWERS
7. x ..57’- 9. 7 or 7:1 11. 16
g. J3 10, ¢ = 64 12. 2/5
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e I respective midpoinis of sides %3,35, and CA
o AX3C. A point X is czosen cutaide the plane of A ASC.

Tsints D,E,F are chosen suth thdt M, and D are respective midpoinis
~f XD,XZ, and XF. Find the ratlo of ihe area of triangle DEF %o -
thiet of triangle AZC.

F84314. For all real numbers x, the functiecn f{x) satisfies

28(x) + £(1-x) = x2. y
Tind £(5).

Part 11 Times 11 minutes NYCIML - Sr. A Contest 3 Fall, 1684

Tt zle ARC, AB = 5 and AC = 8, Point P is on i0 8, and BP:7C = 3:5,
Find the ratio of the radius of the circle through A,B and P to zihe
rz2diug of ithe cirsle throuzh A,C and P,

H
'J

3}
B
2

784516, If x and y are rezal numbers, with x>y and xy = 1, find the minimun

rossible value for 2 >
o€ + VY .
X - Y
Part IIT Time: 1 innd | hid
_ 1 minrtes JCIML - Sr. A Contest 3 Fall, 1984
?84317, Tf E’rl'[ denntea ths 'orsatogt intagar? functicn, find +hs Jaw—oas
fet — e % e - et W sra - wiaT, - . SO w
Drime number p such that EEL_; = p for some integer n.
3 i

F24818. Square ARCD has area 1 square unit. Point P is 35 units from its center
uet S 1s the set of peints whicha ean be obtained by rotating zoint % :

so° counterclcckwise about scme toint on or inside the square, Pind the
area of zet S ‘

- ~
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Part ] Time: 11 mimates JICDIL - Sr, A Coutest 4 Fall, 1334

AN weugn varsen I of square ARCD, ond is ftangzat
zides A3 and Bu- Tf A8 = 1, the radiug of cizcle O cun be uxpressad.
L3 D o+ qjil Find the ordered pair of raticnzl aunmbera (p,q).

¥

784520, Find all ordered pairs (x,7) of real numbers for which

Part II' Time: 11 minutes NI, - Sr. A Contest 4 'Fall, 1984

F84521. In a rectangular coordinate system, a tangent from the point (24,7)

to the circle whose eqg': <ica is 12 + y2 = 4C0 has point of tangency (a,b)

winere > 0, Pind a.

. - . . = .

184822, X AZC is a right angle a~d "B = 1, D is a point on ray BC such that
D3 = 3 and B is the point cia ray 23 such that mlﬁDE i3 maxixuwnm,
Fird the distance BE.

11l minutes NYCTML - Sr. A Contest 4 TFall, 1984

ipary pack of playing cards is shuflled, and two cards deal

7ind the probability that at least one of these is a spade.

<t

Part III Time;
I‘CL

FPRASZS., iz
face up.

781524. In convex quadrilateral FORS, diagonals PR and G5 intersect at T,
with PT:TR = 5:4 and & 27:TS = 2:5. Point X is chosen tetween T and S

so *hat QT « TX, and X .3 extended its own length to Y. If point ¥
is outside the quadrilateral, find the ratio of the area of iriangle ISY

to tho s of triangle GRT.

LNSUERS
19- (2,-1) 210 12 - 23Q -1-2
34
20. (2,4), (-7/3,-14/3) 22. I3 24. 15:3

frnnt wamnirad)
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724825, Toint 2 ig ensgen alons leg 3C of rizht iriangle A20 so that 32 a Dy,
If leg 3C = 10 and les AC =4, rind zp,

784826, Wive identical dlack socks and five identical brown socks are in a
drawer, Two sciks are picked at random. ind the probability that
the tv > socks picked will match, .

Part IT Time: 11 minutes WICIML - Sr. A Centest 5 Pall, 1984

F84S27. The roots of £f{x) = 0 are 2,3,7,5 and 9.

The rcots of g(x) = 0 are 5+5,7,8, and -1.
Fird all solutions of the equation £{x) = 0.
: &g\x)

F84528. A set of distinct, non-zero real rnumbers ia nlacaed along the circumference
«f a cirele. Zach of the numbers is equal o the product of thas WO
numbers adjacent to i+, whaw is tha leass reasivle nuader of ~um ora
in the s2t?

Part III Time: 11 minutes WYCIML - Sr. A Contest § Fall, 1934

¥84S29. In equilateral triangle AZC of edge length one, D i3 on EC so that
XDAC = 45°. Pind the area of triangzle DAC.

F2433G. A regular 1l-gon is inscribed in a cirele. How many <riangles are there
whose three vertices are all vertices of the 1l-gcn and whose interiors
centain the center of the circle?

ANSHERS
25. 29 or equivalent 27. 2,9 29, 3 -3
5 toth Tequirad 4
25. 28. 6 Ty, =5

e



SZWOYORW CITY TUMERECECIASTIC MATITVATICS Lroigys

Sonihar A DMvicion Cronvegt mhew L a1, 1934
Py
SCLUTIC!S, Aal B
{7t oy,
;T
31 fhen irianglsz A7, / ~>Q
. - - . ~ jf‘\ / /i A
oengruens, znd the sun of ; !
i £ . e . !,
arz2n of tha larze < // 3N
! ¢ of thae smallew “F\\\\
. kS ~ )
gquired ratio is N i{:“;

Fe452. She will g2t a2ll three questions corrzct %-of the time. Failinz ihis,
she will get cnly the first problem wrong é of the time, only the

second % of th. time, and only the third %‘of the time. Hence she

. . . 1 1 1 1° 1 .
will get at least two right 3ta*tagte~3 of the time,

‘8453, We use the lemra (see dizgram) that for a circle inseribed in a triangle
X =3 -3 ¥y =3 «PR, 2 a3« PQ, where 3 is the semiperimetar,
Clearly, :,C = 8. Using the lemma, we iave CX = OX = &, XD=TD= 4.

If ¥ is the inter:ec ion of £D and 0P, then EM = MD (by symmetry), so
iD= 5, and MI = D = TD = §. Hence in right triangle CMT, OM = ‘B
2nd CP = ZJ_:

]

F84S4. The given cube is slightly less than 8: 109, so the integer is slightly
less than 2CCO., Also the righimost digit must be a 3 (otherwise the
cube would not end with a 7). The possible choices are 1993, 1983, 1973,
ete., Trial %nd egror can finish the solution. ,0r, we can note that

s 1993° > 1930 (200-1)3 = 103(8+10° - 3.4-10% + 6102 1) >

107(800 12) = 783 107, s0 1993 is tao biz.

Writing 197’3 as (2.107 - 35) and prsceding similarly, we can see that
this number is too small.

.- 2
We have (i) 12 < 2xy = 0 and (ii) x" = y 4+ 3.
Frem (1), x(x - 2y) = 0, so x = D orx = 2y. If x = O, ’og,x is underinag
If x = 2y, we have 4y2 = 7 = 3 = 0; (47 + 3)(y - 1) = 0 and

]
m
j o
(9]

wn

.

2. Cnly the positive values will satisty (ii}.

’

18] Y,

o= a%, 1 2nd x =
T3456. <=xpanding znd rearra nging
(cosl53inTS + sinlScos?5) + (coslScosds - sinl3sind3) =

1
9in(15+75) + cos(45+15) = 1 « 5 =



WEW Y0P CITY IMTEASCICTASYIC MATIMATICOS LEAGURE
Senlor A Diviaeioa Convezt Jumbnr 2 7all, 1gs4
SOLUTIeS
oS

22487, h{x) = £(l-z) = 1 ~ 7o . Wnen h{x) = 8, we solvs for x .o yield

-
8
I e 25238 sox= =,
PREY. 4 {
=0 PR 2., .0 , 2, .0 QO . .0
29153 Lot 3 cozl5” 4+ ginl® Men q2 o Sos 157 + 3in"15 + 2co315 sinls
ol * Lts 4 » PRy Soe 4 T
4 -0 . o) 2, .0 2, .0 . s
cosly” - ginl§" co8 15 + s5.n°1%° ~ 2c0815°3in1s”
7

Lesinio® _ F
l - sinBOO fg-
Since 10315°>3§->sinl5°, . is positive, and so N = rf—
P84S9. Draw XA, YB, ZC. Since 3C = CX and
trizngles ZBC, ZCX have a commen altitude,
AzZ2Cl = JazCX| (using absolute value for area).
sM Also, 3ince AB = BZ, JAACB| = JACBZ] .
Similarly, we fird that [Aaxcl = Jaaxy] « |aasc)
and JAAYB| = |ABYZ| = lAABd. Hence the requ red
ratio is T:1l.

s2:310. *f the roots ars r-d, r, and r+d, then the sum of
the roots is 3r = &, so r=2 is root.
Substitution in the original equation gives:

8 -~ 24 - 48 + ¢ =0,
and ¢ = 64,

F34S11. A round trip for A takes 40 minutes. A round trip for B takes 30 minutes.
A round trip for C takes 64 minutes, We need the least common multiple
of these three. Since 30 = 2:5:3, 40 = 23:5, 64 = 29, the least commen

MS multiple is 2°-3.5 = 64-15 minutes, or 64+ = 16 hours.

¥84812, From the Pythagoream Theorem AB = 1.
Also, the median to the hypotenuse is half

as long as the hypotenuse. Therefore: %
~,
ain . . S
tand = —i~§ = L . Irom this equation, LN
cea 2 s <D
SH.U' N
cos8 i3 clearly the longex leg, and by the ; ﬁﬁe
Pyihagorean Theoren;
2 - B
[~ . - " IAE AN [
o0 2 . . . v> (W]
”%-g) + ¢c08" @ = 1 and solving yields ) — Les s

2J5 .

o8l =~ ,

2
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FB4S14.

F84s15.,

SM

X
m

4817.

SCLUTICNS

A line ceonnenting tun midgointa of a trisnzle
%8 equal to half the third side. Hence .
132 o JFD and 1R o= A2, so AC = LF, Similaxly,

P00« Z® ard A3 = DY, 50 that the rzquired
/5

watio is 1.,

Letting x = 5, we have 27(5) + f(-4) = 25. Letting x = -4, we
have 2f(-4) + £(5) = 16. These are two equations in two unkn WIS,

. o - X +dx-1
Solving, we find £(5) = -}-g'-, £f(-4) = ;57- In general, £(x) -f—-;-?—c—-"
The length of a chord subtended by an
inscribed angle 6 in a circle of radius x
is 2xsin6. Let YLAEC =8 , 1ACB =) , A
and the radii of the circles be r and R
(the circle of radius r is throusgh A,B, andp).

Then AP = 2rsinf3 = 2Rsin?y , so r:R=sin ¥ :sing k

=5:8 M\/Q‘

- (by the law of sines).

2 2 2 2 2 2
e have x +v” = x -2uyav +2xy = (x-v) -2 o (xey) - e
X~y X -y X -y T
2 . 2 . ..
Let z = x~y. Then 2>0, and z:< = 2, a constant, S0 2z + — i3 minimal
z ralN z2 5
6 + {2 fE - 2

whenz:-%,orz:(?_'. This gives x=-—-2-—-—-, y=‘ , and

-

N

2 .2 >

Y 4 . . . .
h - 2]2, Except to check that both-are positive, it is not
necessary to solwve explicitly for x and y.- We have used the fact that
if the product of two quantities is constant, their sum is minimal when
the guantities ars equal. This is a consequence, for instance, of the

simplest case of the arithmetic mean-gzeometric mean inequality. See,
for instance, Zeckenbach & Bellman, An Intrsduction to Insqualtitiesg,

4.

Y2 need cnlyzconsider n>0. Let n = 3k+) where § = 0,1,2 and k> 0.

IfYY =0, n® = '-}:(2, fn ';Ja 3k“, prime only for k = 1.
3 1
) .
If A =1, FE_Z_” 3x" + 2k = x(3k+2), prime only for ¥ = 1.

A
Ifr =2, Q-D—-Tl a 5k2 + 4k + 1 = (3k+1)(1<:§1), which cannot e prime.
3

- ~

‘ 2
Letting n = 3.1 + 1 = 4, n ?{='5.
3

P’
Let P' be the image of P when rotated about a typical /\\
roint Q. Triangle PP'Q is always right and isosceles, so = ‘o
LGPF' = 450, and PP' = QPV{2. Hence we can obtain P' from Q\I\V'o
S by rotating 459 about P and dilating the resulting figure ’ ‘

(rerforming a homothecy) about P by 3 ractor ofy2, This

fisang that the locus »~f D' i3 another SAuaTe, wheas eida fa J2 an3 e
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F84520.

Fa4g22.

F84523.,
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a e tanzent to A3 at X z2nd
7. Ly syﬁwetry, roint O is on
ZJ. IfCD = 0X = 0Y = », thaa
CX5Y is a2 zquaxs, 50 05 = =42, Thu~

=

T4 Jj- w OB » \J’:’
T o geereean 2 e 2(1-\12) =2°J—2—,
and (p, q) = (2,-1).

Adding, ve hava x° + 2x7 + yO 4 x + ¥ =42, (=) s (x+7) - 42 = 0.
Let x + y = 3, Than 22 + 2 =42 = 0, or z ~ -7,6,
Subiracting the original equations, we have x2 - 72 + X =7 =
(z+7)(x=y) + (x-¥) = (x+741)(x~y) = =12,
X+ 7= -7 xX+y=6
(xey) = (=7/3,-14/3), (x,y) = (2,4)

it

Clearly 07 = 20. Since 3§ = 24, QP = 7, !
wa know 0P = 25, Then, If X POQ = 9, :
LLCP a 4, ve can write 270Q =(9 + §)
cand 0F = o ow Cleon(9 + @),
How cos® = CQ = 24 , cosf = OT = 20,

R T GF 35 = -
so cos(9 + §) = 24 20 - _7 15 = 375 a 3, : ]

2525 2525 825 5 :

and OX = 29;3 2t 1?..

wi

If we draw the circle through D and ¢
wnich is tangent to AB at 2, then
angle DEC is % are CD. For any other
n AR, .‘.(D.JC is less than ~»«CD
aince other colnts are outside the circle. EE&
int % is the point we want. A
3 find FZ, lex 0 te the center of the
ircle, ant X the midpoint of CD. Then
ML, CZ L3R, and O§ = BM = 2, oThen
= 03 = MD° a

A {Dz 24 =-1=73,

e ias N . . -, %46 2 19
The rrobability of neizher being a srade is ??'-?z = 3?. Fence the
-~ - /%5
. iy s < s . L 1
procaniiity of s2tiing at least cne stade ig 1 - 7% =-§§,
- 2'

W2 comput2 the ratics of areas of wriangles with egual aliitudes by compaxi
“neir bases. Using absolute value for area, lat [3AT|= A. Then | TR < A,
|3%S) = 34 = XSY, . 7%/ = l 2X|= A (all from ratios along line S),

2 Alse “’1 C’ 3
Trom ratics along 2R: l b4 A, T 2

ra P P T] = 34 Thus [275Y] = |PTY| + [TYX] + Jrxs| o

and |2¥s| = [Prsy| - |rrs| 4 53 o2sa . gey ’
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oL owIc:
FAES, NI Pl s x w P £ M BC L) -z, and Q, 0 Z
2 2 . 2 2 2
T+ CAT 5 PAY, or (104007 + 4° w x ’ \\\\\
E‘—!-S /- -~ -~ 2 ~
L0 - 20 + x4+ 15 s xS, 115 - 20 = o,
116 29
b3 "".'_'“" Kt
20 5 ° A
784326, :ftem the first sock is picked, tha chance of tha sezond sock nateiing
iz 4 9,
F8432 £ . .
T o) = 0 1if and only if f(x) = O while g(x) # 0. This happens for
s
2 and 9.

¥84828. Suprose there are n numbers in the set, Clearly n is more than 2,
We will first show that in fact n cannot be 3,4, or 5. For exanmple,
if n = 3, the numbers can be rerresented by a,b, and b/a, so that
b/2 = ab. Hence |a] = |v| = !b/al = 1. 3But then at least two of the
.three numbers must be equal, contrary to the assumptions of the problem.
Similar arguments will show that n carnot be 4 or 5,
Hext we can show that n cannot be Teater than 6., Indeed, if the first
two ~ambers are a and b, then the nex: five are b/a, 1/a, 1/b, a/b, znd a,
50 tliat the seventh number is equizl to the fizst, Ierce n =6,
The sequence 2,3,3/2,1/2,1/3,2/3 (ameng others) will in fact satisfy the
conditicrs of the problem.

+ Dreo altitude ap onto BC. Then ap is the

[

Di§ector of angle EAB, so BD:DE = AB:AE = 2. / C.
This leads to pB = 1/(2+ ¥3), and pec = 21 V3.

V3 .

243 . 7 -
- Then the area of tria 1 i

(1/2) (DC) (AE) = (3 - /3) /4. ngle ACD is . .

"y
n
I
wy

N+
o
L]

Latel any vertex of the 1l1-gon as tvoint A. Then we can label the nex
fire vertices going clockwise arcund the circle as Bl, B2, 33, 24, 35,
end the five vertices going counter-clockwise as ¢1, c2, ¢3, c4, ard CS.
Let us first find out how many of the triangles described have a versex
2% A, (Clearly, of the other two vertices of such a iriangle, cne must
Le seme 2i and another some Cj fer 1<€4i, =5, ind in fact, it is not
nard to see that i + j26 if the trianzle is to contain the center cf
tha cirele. 1Mow it is not hard to ccunt the triangles: each correspends
%o solution of the above inequality for i and J natural numbers less
tnan 8, Trere is 1 sclution if i = 1, *wo if i = 2, and so on., Henca
thers are 14+2+7+4+5=15 triangles with cne vertex at A.

ting eacn wirtex of the ll-gcn play <he role of A, we now have 11415 =
‘Tiangles. 3ut we have then counted eacn triangle three times
ing let each vertex of each triangle.olay the role of A), g0 that
he numper of triangles is actually 165/3 = s,
?i}s_;rgument can be generaliized for a regular tolygon with an odd number
ol sides, :

o oo
I
[
<

1



